COSC 4111/5111 Adyvising Note —Winter 2013

Here are some dances we have to engage in in order to prove certain functions and
predicates are in £%, €Y.

0.0.0.1 Lemma. The following functions and predicates are in £°, EV.
(1) sw(z,y) = ifx=0theny+ lelsey
(2) rem(z,y)
(3) zly (x divides y)
(4) z/y]

() z=z+y
(6) =

(7) Pr(x)

(8) Seq(x)
(9) m()

(10) y = pn

(11) Ih(z)

(12) Q(n, z), meaning, “z = pk, for some k > 0”

(13) TI(n, z), meaning, “the number of powers pk that are < z”
(14) 2z =pl
(15) exp(z,y)
(16) (2)y

Proof.

(1) sw(z,y) = ifx =0theny + 1else y:

sw(0,y) =y + 1, s5w(x+1,y) =y, and sw(z,y) <y +1
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(2) rem(z,y):

rem(0,y) =0

{ ifrem(z,y) =y -1
rem(z,y)+1 oth

rem(z,y) <y

rem(x +1,y)=

(3) x|y (z divides y):

zly = rem(y,x) =0
4) lz/yl:

10/y]

/ 0
2+ 1)y { +1 1fremxy)—y—1
/Y]

IN

|2 /y T

5) z=x

+
QQ

z=rx+y=z-zrz=yANy>0Vy=0Az==xa
(6) z=uzy:
z=2y=2=0A(z=0Vy=0)Va>0Ay>0AzlzA|2z/z] =y
(7) Pr(z):
Priz)=ax>1A ()< (y >0Aylzr 2y=1Vy=r1x)
(8) Seq():

Seq(z) =z > 1A Vy,2)<e(Pr(y) A Pr(z) Ny < z A zlz — y|z)

7(0) =0

m(z + 1)= sw(xpr(z + 1), 7(z))
m(z) <z

(10) y = pn



(11) Ih(z):

Ih(z) = (1Y) <=yl

Wait! A\y.p, is too big to be in £°. Am I allowed to plug it into a variable of an &2
predicate —here x|2— and expect an £V result?

Well, no! But on a case by case manner there may be a “clever” way to show it is
OK:

pylz = (Fw)<.(w = p, A wl|z). “One-point rule” of MATH1090, albeit with a
bounded quantifier.

(12) Q(n, 2):

Qn,z) =2=1V (Vy)<:(y > 1 Aylz = paly)
(13) II(n, z):
(n,0) =0

II
(n,z +1)= %(Xﬂ(nv z+1),1l(n, z))
M(n,z) <z+1

—
—
N

) z=pi:
z=pY =Qz,2) NIl(z,2) =y + 1
(15) exp(z,y):

exp(z,y) = (12) w3y
Noting that pZ*|y = (3w)<, (wly A w = pZT), we are done by (14).

(16) (x)y:

(x)y = EXp(y,.’ﬂ) =1 U



