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1. True/False and Very-Short-Answer Questions (14 marks)

Provide your short answers in the provided boxes. There is no need to justify your answers.

(a) True or False: Amortized cost of search/insert/delete operations in an AVL tree with n keys isO(log n). True

(b) The following table shows the cost of an online algorithm A and Opt for four input instances of a problem.

input cost of A cost of OPT
I1 4 3
I2 10 5
I3 12 7
I4 16 10

True or False: the competitive ratio of A is at least 2. True

(c) Suppose the list of MTF and OPT are respectively c → a → b → d and a → c → d → b.

Write down the number of inversions between the two lists. 2 Answer: The only inversions

are (a, c), (b, d).

(d) Write down the output to rank(60) in the following augmented AVL tree (assume indices in the sorted array start at

0). 9
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(e) True or False: Given a red-black tree, if we switch the colour of all nodes so that all red nodes become black and

all black nodes become red, the result is still a red-black tree. False Answer: For example, a

fully-balanced tree in which all nodes are black is a red-black tree. Switching all colors will violated red-black tree
property (many adjacent white nodes will appear).

(f) Let T be a b-tree tree with d = 10 and with n keys, where n ≥ 2100.

True or False: the root of T may have only one key. True Answer: Root is an exception that

may have as few as 1 key.

(g) True or False: a single access operation on a splay tree of size n may take Θ(n). True Answer:

Splay trees can be unbalanced.
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2. Short Answer Questions (16 marks)
(a) We apply m search operations on an AVL tree of size n, where m and n are large integers and m = Θ(n). Suppose

3m/4 operations take constant time each, m/4− logm operations take log log n time each, and the remaining logm
operations take log n time each. What is the asymptotic amortized running time of each operation? Show your work.

Answer: The total cost of operations of the first type is 3m/4 × c = Θ(n). The total cost of operations
of the second type is (m/4 − logm) × log log n = Θ(n log log n). The total cost of operations of the third type is
logm × log n = Θ(log2 n). The total cost is thus Θ(n) + Θ(n log log n) + Θ(log2 n) = Θ(n log log n). The amortized
running time is thus Θ(n log log n)/m = Θ(log log n).

(b) Apply the splay operation on the following splay tree when
there is a request to the node ‘5’. It suffices to show the final tree.
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(c) Apply the Burrows-Wheeler transform on the following string; show your work, and the output

delaram$

Assume $ precedes all characters when you sort rotations.

Answer:

(d) Assume an initial list $ → I → O → P → R → Z. A compressing scheme that uses Move-To-Front is used to encode
“PIROOZ”. Show the resulting code (the first position is encoded as 0, the second as 1, and so on).

Answer:
$ → I → O → P → R → Z → decode P as 3
P → $ → I → O → R → Z → decode I as 2
I → P → $ → O → R → Z → decode R as 4
R → I → P → $ → O → Z → decode O as 4
O → R → I → P → $ → Z → decode O as 0
O → R → I → P → $ → Z → decode Z as 5
Z → O → R → I → P → $

The code is 324405

4



3. Amortized Analysis (8 marks)

A “trit” is a ternary digit with any of the values {0, 1, 2}. Consider a trit counter that starts from an initial configu-
ration where all trits are ‘0’. This is followed by m operations, each incrementing the number encoded in ternary. In this
question, we want to know how many trits are changed per operation.

(a) Use the aggregate-cost method to find an upper bound for the amortized number of changed trits.

Hint: given a positive value a, we have 1 + a+ a2 + . . .+ ak = ak+1−1
a−1 .

Answer: Following a similar argument that we had for a binary counter (slide 5 of Amortized Analysis), we
can say the number of flips will be at most

m︸︷︷︸
flips of index 0

+
m

3︸︷︷︸
flips of index 1

+ . . .+
m

3⌈log3 m⌉︸ ︷︷ ︸
flips of index ⌈log3 m⌉

< m

∞∑
i=0

1

3i
= m

1

1− 1/3
= 3m/2

Hence the amortized number of flips is 3/2 per operation.

(b) Use the potential-function method to find an upper bound for the amortized cost of each operation. Show your work.
Hint: Let the potential be the number of non-zero trits in the encoded number. Use k to denote the actual cost of
an operation. You need to argue how the potential is changed.

Answer: Assume an incrementing operation involves k flips. The main observation is that all the first k − 1
trits become ‘0’ . For example, after incrementing ‘01102222’, we get ‘01110000’, where the first 5 trits are flipped,
and four of them have become ‘0’.
For an operation involving k flips, the actual cost is k. Meanwhile, the number of zeros is increased by k− 1 (for the
first k − 1 flips) and possibly decreases by 1 (when the kth trit increments from ‘0’ to ‘1’). So, the number of ‘0’s
increases by at least k − 2. That is, if the potential is the number of non-zero items, it decreases by at least k − 2
after the operation. So, the actual cost k plus the difference in potential (−(k − 2)) will be equal to 2, which is the
amortized cost.
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4. Competitive Analysis (5 marks)

Consider the following algorithm for the cow-path problem. The cow starts at the origin and moves x = 1 unit to
the right. If the target is not found, the cow returns to the origin and goes y = 1 unit to the left. If the target is not found,
the cow comes back to the origin and repeats this procedure with x = 2, 4, . . . , 2i, . . . (on the right) and y = 3, 9, . . . , 3i, . . .
(on the left) until the target is found (see the figure below).

Indicate whether the algorithm is competitive or not. You need to show where the adversary places the target and what
the cost of the algorithm and Opt is in that case.

Hint: You need to consider two cases, depending on the target being on the left or the right. We have 1+3+. . .+3k = 3k+1−1
2 .

Answer: The adversary places the target either at distance 2k + ϵ on the right or 3k + ϵ on the left. In the
former case, the cost of the algorithm will be 2(1 + 2 + . . . + 2k)) + 2k + ϵ ≈ 5 · 2k for the moves on the right and

2(1 + 3 + . . . + 3k) ≈ 3k+1 for the moves on the left. The ratio in this case will be 3k+1+5·2k
2k

which grows with

k. In the latter case, the cost of the algorithm will be 2(1 + 3 + . . . + 3k) + 3k + ϵ ≈ 4 · 3k for the moves on the

left and 2(1 + 2 + . . . + 2k+1) ≈ 2k+3 for the moves on the right. In this case, the ratio will be 4·3k+2k+3

3k
, which is

always bounded by a constant (converges to 4). So, the worst case happens when the adversary places the target at
a distance 2k + ϵ on the right for large values of k; in this case, the competitive ratio grows with k, and the algorithm
is not competitive.
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5. AVL Trees (6 marks)

(a) Perform operation insert(8) on AVL tree T1:
Draw the tree after each rotation performed.
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Answer:

(b) Perform operation delete(2) on the AVL tree T2:
Draw the tree after each rotation performed.
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6. Tree Heights (5 marks)

A balanced ternary tree is a tree in which each internal node has exactly three children, such that the difference be-
tween the heights of the subtrees rooted at children of each node is at most 1.
Prove that the height of a balanced ternary tree is O(log n). Show your work.

Answer: Let n(h) be the number of nodes in any balanced ternary tree with height h. We can write n(h) ≥
n(h − 1) + 2n(h − 2) ≥ 3n(h − 2) ≥ 9n(h − 4) ≥ 27n(h − 6) ≥ 3in(h − 2i) ≥ 3(h−1)/2n(1) = 3(h−1)/2. Therefore
log3(n(h)) ≥ (h− 1)/2, which gives h ≤ 2(log(n(h))/ log 3) + 1 ∈ O(log n).
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7. Red-Black Trees (8 marks)

Consider he following red-black tree T :
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(a) Draw the tree after the operation insert(44), insert(43) on it (in the same order). It suffices to draw the final tree.

Answer:
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(b) Draw the b-tree associated with T (before the insert operation).

Answer:
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8. 2-3 Trees (8 marks)

Consider the following 2-3 tree.

(a) Draw the tree when after we apply the operation insert(8) on it. It suffices to draw the final tree.

Answer:

(b) Draw the original tree after we apply the operation delete(21) on it. It suffices to draw the final tree.

Answer:
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Use this blank page for your draft work.
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Use this blank page for your draft work.
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