
Implications of Modeled Beliefs for Algorithmic
Fairness in Machine Learning

Abstract

Ethics and societal implications of automated decision making have become a
major theme in Machine Learning research. Conclusions from theoretical studies
in this area are often stated in general terms (such as affirmative action possibly
hurting all groups or fairness measures being incompatible with a decision maker
being rational). Our work aims to highlight the degree to which such conclusions
are in fact relying on modeled beliefs as well as on the technicalities of a chosen
framework of analysis (eg. statistical learning theory, game theory, dynamics etc).
We carefully discuss prior work through this lens and then highlight the effect of
modeled beliefs by means of a simple statistical model where an observed score X is
the result of two unobserved hidden variables ("talent" T and "environment" E). We
assume that variable T is identically distributed for two subgroups of a population
while E models the disparities between an advantaged and a disadvantaged group.
We analyze (Bayes-)optimal decision making under a variety of distributional
assumptions and show that even the simple model under consideration exhibits
some counterintuitive effects.

1 Introduction

Ethics and societal implications of data-derived decision rules have become a major theme in
Machine Learning research as well as the public perception and discussion of Machine Learning
(or more generally AI) based technology. Conclusions from theoretical studies in this area are often
stated in general terms (such as “subsidy improves only the learner’s utility while actually making
both candidate groups worse-off” [10], or fairness goals with rational decision makers being only
achievable when evaluation scores are not reported to the rational decision maker [11]). However,
these are typically derived in very specific mathematical frameworks, under specific mathematical
assumptions on a data-generating process. While these assumptions are usually stated clearly in
the technical parts, they may get overlooked by a technically less versed reader, or a reader mainly
focusing on the main take-aways of some published article in an area of such high societal interest
and relevance.

In this work, we would like to highlight the role of mathematically modeled beliefs when framing and
analyzing questions of algorithmic fairness for automated decision making. We show how, even in a
simple setting (which can be viewed as a simple causal generative model), the conclusions depend
heavily on properties of the underlying data-generating process. Our aim with this work is to raise
awareness for how a modeled belief will influence conclusions even in seemingly clean mathematical
studies.

As is common in the fairness literature, we assume that there are two subgroups of some general
population, one being in a disadvantaged position. We denote the advantaged group with A and the
disadvantaged group with B and consider the following setup: We assume a statistical causal model
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where an observed score X is the result of two unobserved hidden variables T and E . The score
X can be thought of as individual’s observable performance on screening decisions such resume,
grades, school, letters, interviews etc. It is how good the person looks “on paper”. For ease of
reading, we will suggestively name the two influencing variables "talent" T and "environment" E.
We assume that variable T is identically distributed for two subgroups A and B of a population while
E models the disparities between an advantaged and a disadvantaged group We emphasize that we
are not making any claims about what the variables T and E correspond to in a real world scenario
(this will in fact vary with applications). What we model here is a scenario where there are various
factors that influence an observed outcome X , some of which are distributed identically for the two
subpopulations in question (think talent T ), and some of which are reflecting a disparity between the
groups (think environment E).

We assume an additive model for how the score gets influenced by talent and environment, namely

Xg = Tg+Eg for g ∈ {A,B}.
We assume that the talent variables TA and TB for the two groups are distributed identically while the
environment variable EA is distributed identically to a shift of the environment variable EB of the
disadvantaged group, namely EA is distributed identically to EB + k for some k > 0. The shift k
models the advantage that individuals from group A enjoys (on average). Now we consider a decision
maker gets to make choice on individuals from the two groups at a given score Xg = x (or above
a given score Xg ≥ x). Further, we assume that, from the decision maker’s perspective, the more
relevant factor for a positive decision is a high value of T .

Intuitively, one would assume that at a fixed score XA = XB = x, the expected value for the
talent-variable Tg is always higher for the disadvantaged group than for the advantaged group. If
an individual that starts out in a disadvantaged position achieves the same score as an individual
from an advantaged background, we expect that the disadvantaged individual must have posessed
an inert quality to overcome the hurdles. We analyze here whether and when this is also the case in
a statistical decision making setup. We identify a large variety of distributions, where this intuitive
conclusion is indeed justified. Surprisingly, we also show that this however depends on the specifics
of the distributions of T and E and that in some cases, even under our seemingly straightforward
additive generative modeling, the expected talent of the advantaged group can be higher. This shows
how subtle differences in assumptions and frameworks can have a significant impact on derived
conclusions.

In this extended abstract version of our work, we will discuss a few illustrative examples to highlight
the phenomena and describe the more general versions of our technical results on an intuitive level.
The full technical details can be found in the appendix.

2 Related Work

Ethics and societal implications of automated decision making have become a major theme in
Machine Learning research. That fairness to various individuals or subpopulations is an important
consideration in predictive modeling has first been argued and formalized a decade ago in the seminal
work of Dwork et al [7]. Since then, a large body of work has addressed this theme. Various
formalizations of what it means for a predictor to act fair have been introduced, the main distinction
being between notions of individual fairness [7, 12, 18], which typically formalize the requirement
that “similar individual should be treated similarly” in some form, and notions of group fairness
[9] which aim to ensure equal treatment. The bulk of studies have then focused on analyzing the
proposed notions, their mutual (in-)compatibility [13, 4] and developed algorithmic tools to facilitate
them. For example, a substantial body of work has developed methods for learning or building
fair representations, that is, feature mappings that are aimed at ensuring fairness (typically in the
group-fairness sense) of any predictor based on these features [15, 6]. Another common approach
is to develop optimization procedures that adhere to constraints given by fairness considerations.
Some recent studies have analyzed dynamics of fairness interventions over processes of repeated
decision making [14, 17]. Several recent surveys [5, 16] and a textbook [2] give more comprehensive
introductions to the field than we can here.

We view our work in a line of studies aim at analyzing the effects of various fairness interventions
in dependence on the properties of the affected populations, and highlighting the role that different
worldviews may play for recommending one fairness intervention over another [8, 19]. In particular,
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we adopt the perspective developed and outlined by Friedler et al. [8], which formalizes the occurrence
of unfairness as a discrepancy between equality notions in (unobserved) construct feature and decision
spaces and their representations in the observed feature and decision spaces. Their work argues
how a choice of fairness intervention is dependent on (or a reflection of) different beliefs about the
distributions of various groups in the unobserved construct feature space. For example, a What-
You-See-Is-What-You-Get (WYSIWYG) worldview assumes that measured/observed features are
an adequate reflection of the underlying construct feature distributions, and hence an inequality in
observed feature distributions of two subpopulations is merely an indication of inherent differences
between the two groups. Such a worldview may then lead to advocating for individual fairness
notions. On the other hand, a We-Are-All-Equal (WAE) worldview postulates that, in the construct
space the relevant qualities (what these are will differ in various contexts) are distributed identically
and therefore discrepancies in the observed space are a sign of adversity that one of the groups
may have faced. Such a worldview naturally leads to advocating for interventions that ensure
notions of group fairness. A recent study analyzes the effects of enforcing statistical parity and
equalized odds under the WAE and WYSIWYG worldviews [19]. Another recent study that adopts
this perspective analyzes a statistical learning setting and analyzes, under an WAE assumption and
specific modelings of disadvantageous bias to one of the groups, whether enforcing those same group
fairness requirements will lead to recovering a Bayes optimal prediction rule [1]. This latter work
argues purely in terms of frequencies observed in the two groups and ignores the role that specific
(observed or unobserved) features may play in the biasing process.

Our modeling can be viewed in response to recent models on (repeated) binary decision making under
certain assumptions on the source of discrepancy in the observed scores. A recent work on modeling
effects of affirmative action starts out with a similar setup to ours [11]: An admission decision is
made based on a score Si = Ti +X which is a sum of a random type variable and a noise variable
X . Here, it is assumed that the type variable has a lower mean for the disadvantaged group, while the
noise is a zero-mean addition which is equally distributed for both groups. The goal is to recover the
type of the individual, which represents an individual’s quality in this study. The study then analyzes
whether a university can set up an admission rule so as to ensure fairness for hiring decisions that
are made at a second stage by a rational, and ideally group blind employer. The conclusions in the
study are mostly pessimistic. We believe that this is due to the modeling, which is based on the
disadvantaged group being of inherently lower quality. We consider this a reflection of a WYSIWYG
worldview and believe this should be made explicit.

Another recent study that considers a score-based decision task assumes a WAE worldview [10].
The work shows that, if the relevant feature is distributed equally between the two groups, while the
difference in score distributions is the result of a manipulation that the two groups are differently
equipped to perform (the motivating example here is that different groups may have different abilities
to pay for expensive tutoring sessions for SAT scores), then a group blind thresholding will result
in unfairness in the sense that the advantaged group will enjoy more false positive decisions while
the disadvantaged group members will suffer from more false negative decision. That work also
considers the possibility of an intervention in form of subsidies but with pessimistic conclusions. In
that study the advantage is modeled as a deterministic response to a published threshold (if paying for
tutoring sessions can get me admitted, I will pay, otherwise I won’t bother). In contrast, in our work
the advantage is modeled as a random variable, namely an environmental factor that an individual did
not choose, and which is distributed differently between the two groups.

Ultimately, the main goal of our work is to argue for making modeling assumptions, that might be
influenced by worldviews of authors, more explicit in academic work that analyzes effects of fairness
interventions. In this work, we decidedly adopt a We-Are-All-Equal worldview. This is modeled by
the relevant contributing factor T being identically distributed among subgroups that are considered
for a fairness intervention.

3 Some Illustrative examples

As a warm-up, we will here illustrate the phenomena described in the introduction in a simple,
discrete setting. In the next section, we will summarize our more general results. The two illustrative
examples in this section are intently simplistic, to highlight the phenomenon. We consider random
variables T ad E that take values in {1, 2, 3, 4} and we condition on the score being X = 4 or X ≥ 4.
Figure 1 illustrates the distributions in the two scenarios defined below.
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Figure 1: Illustration of the distributions in Scenario 1 (left hand side) and Scenario 2 (right hand
side). Blue dots depict the distribution of the disadvantaged group, while the red dots the distribution
of the advantaged group.

Scenario 1 Consider the following distribution for the random variables: The talent variable is
distributed uniformly over the values {1, 2, 3} for both groups, while the environment variables EB
is distributed uniformly over {1, 2} and EA uniformly over {2, 3} (that is, we have k = 1 here). A
simple calculation shows that we obtain the following expected talent scores for these distributions:

E[TB |XB = 4] = 2.5

E[TA|XA = 4] = 1.5

E[TB |XB ≥ 4] =
8

3
= 2.6̄

E[TA|XA = 4] =
11

5
= 2.2

Thus, in this scenario we see the intuitively expected effect. If group B has a disadvantaged
environment score, while the talent is identically distributed between the groups, then, conditioning
on a fixed score or a threshold, the expected talent in the disadvantaged group is higher.

Scenario 2 Consider the following distribution for the random variables: The talent variable is
distributed uniformly over the values {1, 2} for both groups, while the environment variables EB
takes value 1 with probability 0.9 and value 3 with probability 0.1. The environment variable EA
again is identically distributed to EB + 1, that is, it takes value 2 with probability 0.9 and value 4
with probability 0.1. With these distributions we obtain the following for the expected talent scores:

E[TB |XB = 4] = 1

E[TA|XA = 4] = 2

E[TB |XB ≥ 4] = 1.5

E[TA|XA = 4] > 1.9

Thus, in this scenario we see the opposite effect. This is an example of the unintuitive case, where the
expected talent will be larger for the advantaged group. We will see that his phenomenon can occur
generally in the case where the environment range is wider than the talent range (see Section B in
the appendix). In this particular case, to illustrate this phenomenon, we set things up so that for the
majority of the disadvantaged population, the score is set so that even being ”maximally talented” is
not sufficient to reach the required level for the score X .

4 Summary of results for more general distribution classes

In this section, we provide an overview on our general technical results. More detailed notes on these
(and proofs) can be found in the appendix.
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Wide Uniform Talent Distributions We start by identifying broad classes of distributions where
the conclusions are as in Scenario 1 above. Namely, given a fixed score, candidates from the
disadvantaged group have a higher expected talent. Our first result shows this is the case whenever the
talent distribution of TA and TB is uniform, the result holds for arbitrary environment distributions.

Consider the illustration on the right. The talents TA and TB of indi-
viduals in the two groups are random variables drawn independently
according to the same arbitrary distribution. The blue shape on the
left depicts this distribution rotated. Their environments EA and EB
are formed by sampling independently from two other arbitrary distri-
butions. The one for group g is depicted at the bottom in red. Both
of these curves depicted a height coming up out of the page in the
3rd dimension. In this way, the height of the joint density d(t, e) of
any point in the rectangle is the product d(t, e) = d(t) ·d(e) of the
corresponding probability density functions. The top diagonal green
curve represents the probability space of possibilities in which g’s
performance Xg =Tg+Eg is conditioned to be a fixed value x. We
assume here, that the conditioning (the green line in the figure) is on
a value X = x that restricts the talent range but not the environment
range, as is the case for the upper green line. This is to be understood
in contrast to the case of the the bottom green line, which restricts the
talent range and also restricts the environment range.

(See also Figure 2, where the green lines restrict the environment range but not the talent range.) We
obtain the following techincal result:

Theorem 1. Let TA and TB be distributed identically, uniformly over some range. Let EB be
arbitrarily distributed in some bounded rage and let EA be identically distributed to EB + k for
some k > 0. Let XA = TA + EA, and XB = TB + EB , and let k = E(EA) − E(EB). If x is so
that conditioning on Xg = x does not restrict the range of EA and EB (while it may restrict the
range of TA and TB), we get:

• P(TB≥ tA|XB=x) => P(TA≥ tA|XA=x),

• P(TB≥ tA|XB=xA−k) = P(TA≥ tA|XA=x), and
E(TB |XB=x−k) = E(TA|XA=xA);

• P(TB≥ tA+k|XB=x) = P(TA≥ tA|XA=x), and
E(TB |XB=x)−E(TA|XA=x) = k.

Wide Environment or Non-Uniform Talent We now deal with a set of complementary conditions
from the above, namely the case where the talent distributions can be arbitrary (but in a restricted
range), while the environment variables are from a restricted class of distributions, namely from a log-
concave distribution [3]. In these cases, we again observe the intuitive behavior of the expected talent
values. A probability distribution is log-concave if the logarithm of its density function is convex
and includes concave, linear, and Gaussian distributions. More over, it includes any density function
that is sub-exponentially increasing in the first sub-range, then concave, then sub-exponentially
decreasing.

Theorem 2. Let talent distribution for TA and TB be arbitrarily, but identically distributed within
a narrow range [tmin, tmax]. Let environments E′A and EB be identically distributed with a log-
concave density function, and let EA = E′A+k. Condition on the both of their performance scores
Xg = Tg+Eg being some fixed value x. Suppose this condition restricts the environment range but
not the talent range. Then we have:

P(TB≥ t|XB=x−k) = P(TA≥ t|XA=x)

E(TB |XB=xA−k) = E(TA|XA=xA)

P(TB≥ t|XB=x) ≥ P(TA≥ t|XA=x)

(TB |XB=x) ≥ E(TA|XA=x).
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Figure 2: The range of the environment is wider than that of talent and hence both talents TA and TB
conditioned on XA=XB=x lie within the same narrow talent range [tmin, tmax].

We explain this result as follows. In Figure 2, the range of the environment is wider than that of talent
and hence both talents TA and TB conditioned on XA=XB =x lie within the same narrow talent
range [tmin, tmax]. The second diagonal green curve represents the probability space of possibilities
in which B’s performance XB = TB+EB is conditioned to be a fixed value of x. The first one
represents the probability space of possibilities in whichA’s performanceXA=TA+EA=TA+E′A+k
is conditioned to be a fixed value x or equivalently in which TA+E′A is conditioned to be a fixed to
x− k. This −k is what shifts this green line to the right. The left most green trapezoid corresponds to
the possibilities for which XA=x. Projecting the first green line down, one sees that conditioned
on this, larger values of e have higher probability than lower ones. This is why this green trapezoid
is higher/fatter on the bottom. Projecting this green trapezoid left to the talent range [tmin, tmax],
one can see that this makes the E(TA|XA=x) small. This is depicted by the green dot. In contrast,
XB=x is depicted by the second green trapezoid. Because the environment distribution is flatter in
this region, E(TB |XB=x) larger. The same effect of E(TB |XB=x) > E(TA|XA=x) is shown in
the right two green trapezoids. The formal proof appears in Section D.3.

The counter-intuitive case Finally, let us highlight that the conclusion E(TB |XB = x) >
E(TA|XA = x) is not valid for all combinations of talent and environment distributions. If the
shape of the environmental distribution curve EB in the previous section was “flipped upside down”,
then it would be convex. Figure 3, illustrates the case that the environment distribution EB is convex.
The figure illustrates how for every x, E(TB |XB =x) < E(TA|XA=x). The proof is identical to
that for Theorem 4 except “increases” is changed to “decreases” and each ≥ is changed to a ≤.

Figure 3: An Environment Distribution that is not log-concave.

Figure 4 below provides the two examples that originally motivated this work. These are very simple
cases where the conclusion about expected talent is contrary to what one may expect from our additive
model.
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Figure 4: Though the environment distribution is linear every where, except at the one quick transition,
at this point curve is not log-concave. The figure then shows how for x values that very carefully take
advantage of this bump, there is a reversal of our result, namely E(TB |XB=x) < E(TA|XA=x).

Limitations In this section we discuss the limitations of our model in detail. Our main underlying
modeling assumption is that the performance score of an individual is equal to the sum of their
“talent” and “environment”. This is clearly a limiting model of how these variables influence each
other and how observable quantities relate to unobservables. Studying more complex interactions
between hidden and observed variables is left out of our study, but an important direction for
further investigation. Here our focus is on distilling out how modeling assumptions may influence
conclusions, and show that this influence exists even in a seemingly simple model.

Furthermore, we here handle the wide talent case when the talent distribution is uniform or normal.
We include some relaxations of this assumption in the appendix. However our results here are
currently not giving a full picture of cases yet. Providing a full characterization of cases is an
intriguing direction for future work.

5 Conclusions

In this work, we analize a simple additive model, where two unobserved variables T and E result
in an observed performance score X . We assume that, the “talent” component T is identically
distributed for two subpopulations A and B while the “environmental” component E is not, with the
A distribution assumed to be advantageous. A person’s performance level is computed as X=T+E
level. As a decision maker focuses on specific candidates, we condition on this performance level
having a particular level, X=x level. We assume that the decision preference of candidates is heavily
determined by the talent component. Hence, within this conditioning, we analyze the resulting
difference in talent distributions and identify a wide range of distributional properties, where the
decision should be made in favor of an disadvantaged individual. Somewhat surprisingly, we also
exhibit situations, where despite the observed score being the sum and the EA distribution being an
additive shift of EB , there may be scores for which the conclusion would be reversed.

We leave it up to the reader to map the distributions we analyze to societal scenarios that would
be adequately modeled by these (such as, for example, there being a large middle-class versus
opportunity being shifted to extremal end cases). We acknowledge and emphasize that any inferred
statements about reality of any society, depends crucially on empirical evaluations of modeling
assumptions. This is beyond the scope of our work here.

What we are aiming at here, instead, is to highlight the role of technical modeling assumptions and,
crucially, the degree to which these technical assumptions (and consequently any conclusions derived
in the resulting model) are reflections of underlying worldviews. We found that this latter aspect
(the connection to worldviews) is rarely made explicit in studies that analyze, purely mathematically,
the effects of algorithmic fairness interventions under some statistical modelings of the sources
of discrepancy between an advantaged and a disadvantaged group. Nevertheless, the conclusions
are often stated in general, plain language. Our concern here is, that the degree to which such
conclusions are relying on modeled beliefs as well as the technicalities of a framework of analysis
chosen (statistical learning theory, game theory, dynamics etc), are not easily recovered by a reader
that is less mathematically versed. We would like to advocate for making it a responsibility of authors
in this research community to explicitly discuss the influence of modeled beliefs and frameworks of
analysis on obtained results, rather than hiding them under mathematical obscurity.
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A Wide Uniform Talent Distributions

Consider Figure 1. The talents TA and TB of individuals in the two
groups are random variables drawn independently according to the
same arbitrary distribution. The blue shape on the left depicts this
distribution rotated. Their environments EA and EB are formed by
sampling independently from two other arbitrary distributions. The
one for group g is depicted at the bottom in red. Both of these curves
depicted a height coming up out of the page in the 3rd dimension. In
this way, the height Pr(t, e) of any point in the rectangle is the product
Pr(t)×Pr(e) of the corresponding probabilities. The top diagonal
green curve represents the probability space of possibilities in which g’s
performance Xg=Tg+Eg is conditioned to be a fixed value x, namely⋃
e Pr(Tg=x−e & Eg=e).

For this section, as shown in the figure, the green line restricts the talent
range but not the environment range.1

Figure 1
Instead, we focus on Xg=x. Pr(Xg=x) is the area out of the page along the green diagonal line.
Pr(Tg ≥ t&Xg =x) is that that is also above the blue horizontal line. Pr(Tg ≥ t|Xg =x) is then
the ratio of these. We struggled to compute this, without impressive results. (See the Appendix.)
Instead, we focus on the talent distribution being uniform. In this case, the green curve is just a linear
transformation of the red curve. This is easy to integrate.

The top right blue curve is green curve projected onto talent line, namely Pr(Tg|Xg=x). Though a
little care needs to be done to makes sure we are projecting the distributions correctly, this picture,
then argues for the following lemma. Its proof is in the Section D.2.

Lemma 1. Let PT (t) denote the density function of the talent distribution T and PEg (eg) for the
environment distribution Eg. Condition on g’s performance score Xg = Tg+Eg being some fixed
value x. Then the density function of Pr(Tg∈ [tg, tg+δt]|Xg=xg) is Pxg,g(tg) = cgPT (tg)PEg

(xg−
tg) for some constant cg .

We will now use this lemma to prove the main result of this section. Though we did prove a result for
talent distributions that are not quite uniform, like the right blue one in the figure, the statement of
the result was to complicated too include. Hence, let’s again assume that the talent distribution is
uniform.

The talents TA and TB of individuals in the two groups are random variables drawn independently
according to the same uniform distribution. Their environments EA and EB are random variables
drawn independently from two other arbitrary distributions with the only requirements being that the
first is privileged over the second and both have ranges smaller than that for talent. Their performance
is defined by Xg=Tg+Eg . Consider only the people whose performance is some fixed value Xg=x.
Suppose this condition restricts the talent range but not the environment range. The following follows.

Let tA be any talent level that the company is hoping to hire. Let xA be any performance value.
Let eA = xA−tA. The company pulls all the resumes of the group A people with this level. The
talent level can’t be determined from the resume, but the expected fraction of these that will have the
required talent is denoted Pr(TA≥ tA|XA=xA).

Define r to be the ratio and k and k the environment gaps such that Pr(EB≤eA) = r ·Pr(EA≤eA),
Pr(EB≤eA−k) = Pr(EA≤eA), and k=Exp(EA)− Exp(EB). Because group A is privileged
over group B, the A environment values are likely higher, and hence r is likely greater than one
and k and k are likely positive. The result is strengthened by the fact that both r and k depend on
eA=xA−tA.

One way to understand this is to sortN random people from each group according to their environment
into two parallel lines. Search for the A person in the line who has environment value eA. Let
p ∈ [0, 1] be the percentile such that he is pN th in line. Then talk to the B person who is in the same
place in line. Let eB denote her environment value. Let k=eA−eB denote the environment gap.

One definition of fairness is to keep all the requirements the same. In this case

Pr(TB≥ tA|XB=xA) = r · Pr(TA≥ tA|XA=xA).

11



People in group B actually have a higher probability of meeting the talent threshold. Remember that
r > 1.

One reasonable definition of fairness is to insist that the same fraction of B meets that same talent tA
requirement. One achieves this by changing the performance value considered for B’s to xB=xA−k,
giving

Pr(TB≥ tA|XB=xA−k) = Pr(TA≥ tA|XA=xA).

Exp(TB |XB=xA−k) = Exp(TA|XA=xA).

From this perspective, the affirmative action of lowering the performance requirement of the disad-
vantaged group makes sense.

Another reasonable definition of fairness is to take the resumes of the B people with the same
performance level and shift the talent expectation to tB= tA+k so that the probabilities of achieving
it is still the same, namely

Pr(TB≥ tA+k|XB=xA) = Pr(TA≥ tA|XA=xA).

Exp(TB |XB=xA)−Exp(TA|XA=xA) = k.

From this perspective, if the B person looks the same on paper, then you should hire her because
she is likely considerably more talented. To understand this last statement about probability, take N
random people with performance xA from each group and sort them by talent into two parallel lines.
Consider the two people shaking hands a p fraction down the line. Then the talent of the B person
will be k higher.

Theorem 3. Let TA and TB be distributed identically, uniformly over some range. Let EB be
arbitrarily distributed in some bounded rage and let EA be identically ditributed to EB + k for some
k > 0. Let XA = TA + EA, and XB = TB + EB , and let k = E(EA) − E(EB). If x is so that
conditioning on Xg = x does not restrict the range of EA and EB (while it may restric the range of
TA and TB), we get:

• Pr(TB≥ tA|XB=x) = r · Pr(TA≥ tA|XA=x), for some r > 1;

• Pr(TB≥ tA|XB=xA−k) = Pr(TA≥ tA|XA=x), and
Exp(TB |XB=x−k) = Exp(TA|XA=xA);

• Pr(TB≥ tA+k|XB=x) = Pr(TA≥ tA|XA=x), and
Exp(TB |XB=x)−Exp(TA|XA=x) = k.

Proof of Theorem 3: If the value of k is fixed for all environments eA, then the two group’s
environments EA and EB are distributed according to the same distribution shifted by k, i.e. EA =
E′A+k. In this case, conditioning on XB=xA−k, shifts the distribution back so that the distribution
for TA and TB are trivially the same. Here, however, we are allowing EA and EB to have completely
different distributions, allowing k to vary with eA and making the result harder to prove.

Lemma 1 states that Pr(Tg ∈ [t′g, t
′
g+δt]|Xg =xg) = c′gPT (t′g)PEg (xg−t′g)δt. Because the talent

distribution is uniform, the value PT (tg) is a constant, which can be blended in with cg . This allows
us to integrate for t′g∈ [tg..tmax] obtaining the result Pr(Tg≥ tg|Xg=xg) = cgPr(xg−tmax≤Eg≤
xg−tg). Setting tg = tmin gives Pr(Tg≥ tmin|Xg =xg) = 1. The conditions Tg+Eg =Xg =xg
and Tg ∈ [tmin, tmax] together limit the environment to Eg ∈ [xg−tmax, xg−tmin]. However, the
lemma states that the condition Xg = xg restricts the talent range but not the environment range.
Pr(xg−tmax≤Eg≤xg−tmin) = 1. This gives cg=1 and

Pr(Tg≥ tg|Xg=xg) = Pr(Eg≤xg−tg).

The results follow.

Pr(TB≥ tA|XB=xA) = Pr(EB≤xA−tA) = r ·Pr(EA≤xA−tA) = r ·Pr(TA≥ tA|XA=xA).

P r(TB≥ tA|XB=xA−k) = Pr(EB≤xA−tA−k) = Pr(EA≤xA−tA) = Pr(TA≥ tA|XA=xA).

P r(TB≥ tA+k|XB=xA) = Pr(EB≤xA−tA−k) = Pr(EA≤xA−tA) = Pr(TA≥ tA|XA=xA).

We will now prove the results about expectation. Lemma 4 states that if ∀t Pr(TB≥ t|XB=xB) >
Pr(TA≥ t|XA=xA), then Exp(TB |XB =xB) > Exp(TA|XA=xA). At first glance, one might
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think that this converts these results about probabilities into the ones about expectations. However,
it is much harder because the value of k might depend on eA, which depends on tA, which we are
integrating over. Hence, we will have to work harder.

Plugging cg=1 back into the statement from Lemma 1 gives Pr(Tg∈ [t, t+δt]|Xg=xg) = PEg
(xg−

t)δt. We can then calculate the expected value as follows. Exp(Tg|Xg = xg) =
∫
t
t · Pr(Tg ∈

[t, t+δt]|Xg = xg) =
∫
t
t · PEg

(xg−t)δt = xg ·
∫
t
PEg

(xg−t)δt −
∫
t
(xg−t) · PEg

(xg−t)δt =
xg · 1− Exp(Eg).

This gives Exp(TB |XB=xB)− Exp(TA|XA=xA) = Exp(EA)− Exp(EB) + xB − xA.

Letting k=Exp(EA)− Exp(EB) and xB=xA−k,
gives Exp(TB |XB=xA−k)− Exp(TA|XA=xA) = 0.

Letting xA=xB =x, gives Exp(TB |XB =x)− Exp(TA|XA=x) = Exp(EA)− Exp(EB) = k.

B Wide Environment or Non-Uniform Talent

We now cover the complement condition from Section A.

Theorem 4. Let talent distribution for TA and TB be arbitrary within a narrow range [tmin, tmax].
Let environments E′A and EB be independently chosen from the same arbitrary distribution. Let
EA = E′A+k. Condition on the both of their performance scores Xg = Tg+Eg being some fixed
value x. Suppose this condition restricts the environment range but not the talent range. Groups A
and B having the same conditioned talent range, means that there are no immediate reasons that
Exp(TA|XA=x) and Exp(TB |XB =x) are different. However, if the environment distribution is
log-concave, then we still have the following:

Pr(TB≥ t|XB=xA−k) = Pr(TA≥ t|XA=xA)

Exp(TB |XB=xA−k) = Exp(TA|XA=xA)

Pr(TB≥ t|XB=x) ≥ Pr(TA≥ t|XA=x)

Exp(TB |XB=x) ≥ Exp(TA|XA=x).

When EA = E′A+k and XB=xA−k, then the distribution TA and TB are trivially the same. Hence,
the result is easy.

We explain this result as fol-
lows. In Figure 2, the range
of the environment is wider
than that of talent and hence
both talents TA and TB con-
ditioned on XA =XB = x
lie within the same narrow
talent range [tmin, tmax].

Figure 2

Having the same range, means that there are no immediate reasons that Exp(TA|XA = x) and
Exp(TB |XB = x) are different. Here the talent distribution can be arbitrary. E′A and EB are
independently chosen from the same log-concave [3] environment distributions and EA = E′A+ k.

The definition of log-concave is that after you take the log of the curve, it is concave. Note when you
take the log of an exponential you get linear which is just on the edge of being concave. Though the
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Gaussian curve begins and ends convex, its equation is e−x
2

, the log of which is the concave function
−x2.

The second diagonal green curve represents the probability space of possibilities in which B’s
performance XB = TB+EB is conditioned to be a fixed value of x. The first one represents the
probability space of possibilities in which A’s performance XA = TA+EA = TA+E′A+ k is
conditioned to be a fixed value x or equivalently in which TA+E′A is conditioned to be a fixed to
x− k. This −k is what shifts this green line to the right. The left most green trapezoid corresponds to
the possibilities for which XA=x. Projecting the first green line down, one sees that conditioned on
this, larger values of e have higher probability than lower ones. This is why this green trapezoid is
higher/fatter on the bottom. Projecting this green trapezoid left to the talent range [tmin, tmax], one
can see that this makes the Exp(TA|XA=x) small. This is depicted by the green dot. In contrast,
XB=x is depicted by the second green trapezoid. Because the environment distribution is flatter in
this region, Exp(TB |XB=x) larger. The same effect of Exp(TB |XB=x) > Exp(TA|XA=x) is
shown in the right two green trapezoids. The formal proof appears in Section D.3.

If the red environmental distribution curve EB was flipped upside down, then it would be convex.
The rich are rich, the poor are poor, and there is no middle class. The same proof by picture, gives
that for every x, Exp(TB |XB=x) < Exp(TA|XA=x).

A probability distribution is log-concave if the logarithm of its density function is convex [3]. It
includes concave, linear, and Gaussian distributions among many others. More over, it includes any
density function that is “sub”-exponentially increasing in the first sub-range, then concave, then
“sub”-exponentially decreasing.

This example demonstrates
that by having the talent
distribution strongly non-
uniform, it can artificially
have a wide talent range
even though effectively it is
very narrow range.

Figure 3

C Gaussian Distributions

In this section, we will redo the proof with Gaussian distributions. We have seen that Exp(T |X=
x)=x−Exp(E) is not always true. What is fun, however, is that we can used Bayes’ rule to show
that the conditional distribution is also Gaussian.

Theorem 5. Let the talent TA and TB be drawn from distributionN (µT , σ
2
T ) and group g’s environ-

ment Eg from N (µEg , σ
2
E)2 with µEA

−µEB
=k. Their conditional talent is then given by:

[T |X=x] = N
(

(x−µE)σ2
T +µTσ

2
E

σ2
T + σ2

E

,
σ2
Tσ

2
E

σ2
T + σ2

E

)
[TB−TA|XA=xA&XB=xA−k] = N

(
0,

2σ2
Tσ

2
E

σ2
T + σ2

E

)
[TB−TA|XA=XB=x] = N

(
k

σ2
T

σ2
T + σ2

E

,
2σ2

Tσ
2
E

σ2
T + σ2

E

)

Proof of Theorem 5: Lemma 2 uses Bayes’ rule to give the first line. Then the mean and variance
of the difference between two variables, is the difference between their means and the sum of their

2We could bang out these when the environment variances σ2
EA

and σ2
EB

are different, but it is too ugly to
be worth it.
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variances. The second line sets performance XB=XA−k in order to zero the expected difference in
talent. The third sets performance XB=XA and computes the expected difference in talent.

It is worth noting the two extremes. When the talent range is much wider than that of environment,
i.e. when σ2

E � σ2
T , then the difference in expected talent values is maximized, namely Exp(TB−

TA|XB = XA) → k. In contrast, when the environment range is much wider than that of talent,
i.e. when σ2

E � σ2
T , then the difference in expected talent values is minimized, namely Exp(TB−

TA|XB =XA) → 0. It is also interesting that if the variance σ2
E → 0, then E becomes a constant

along with X and hence T =X−E also becomes a constant. This is why σ2
Tσ

2
E

σ2
T +σ2

E
→ 0. The proof is

Section D.1.

D Longer Proofs

We give the longer math proofs in this section.

D.1 Proof for Gaussian Distributions

Lemma 2. Let a person’s talent be distributed as T = N (µt, σ
2
t ), their environment as Eg =

N (µE , σ
2
E), and their performance, defined by Xg=Tg+Eg, is conditioned to be x. It follow that

the person’s conditional talent is also normally distributed, namely

[T |X=x] = N
(

(x−µE)σ2
T +µTσ

2
E

σ2
T + σ2

E

,
σ2
Tσ

2
E

σ2
T + σ2

E

)
Proof of Lemma 2: We will used Bayes’ rule to show that the conditional distribution [T |X =
T+E=x] is also Gaussian. Specifically the rule gives

Pr(T ∈ [t, t+δt]|X∈ [x, x+δx]) = Pr(X∈ [x, x+δx]|T ∈ [t, t+δt])× Pr(T ∈ [t, t+δt])

Pr(X∈ [x, x+δx])

Conditioned on T having some fixed value of t′∈ [t, t+δt], we independently choose a value for E
and then compute X= t′+E. Hence, we get X∈ [x, x+δx] iff E∈ [x−t′, x−t′+δx]. Because E, T ,
and E are normally distributed we get

Pr(E∈ [x−t′, x−t′+δx]) =
1√

2πσE
e−(e−µE)2/(2σ2

E) × δx where e=x−t

Pr(T ∈ [t, t+δt]) =
1√

2πσT
e−(t−µT )2/(2σ2

T ) × δt

Pr(X∈ [x, x+δx]) =
1√

2πσX
e−(x−µX)2/(2σ2

X) × δx where µX =µT +µE , σX =σ2
T +σ2

E

Plugging these into Bayes’ rule gives the exponential power to be this ugly thing. With help from
maple this simplifies to

(x−t−µE)2

2σ2
E

+
(t−µT )2

2σ2
T

− (x−µT−µE)2

2(σ2
T + σ2

E)
=

(
t− (x−µE)σ2

T+µTσ
2
E

σ2
T +σ2

E

)2

2
σ2
Tσ

2
E

σ2
T +σ2

E

This gives that the conditional talent distribution is

[T |X=x] = N
(

(x−µE)σ2
T +µTσ

2
E

σ2
T + σ2

E

,
σ2
Tσ

2
E

σ2
T + σ2

E

)

D.2 Proof Wide Uniform Talent Distributions

Lemma 1 Let PT (t) denote the density function of the talent distribution T and PEg (eg) for the
environment distribution Eg. Condition on g’s performance score Xg = Tg+Eg being some fixed
value x. Suppose this condition restricts the talent range but not the environment range. Then
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the density function of Pr(Tg ∈ [tg, tg+δt]|Xg = x) is Px,g(tg) = cgPT (tg)PEg (x−tg) for some
constant cg .

Proof of Lemma 1: We will drop the subscript g∈{A,B}, because the statements apply to either
group. Because these random variables T and Eg are independent, we can define the cross density
function P (t, e) = PT (t)×PE(e) so that Pr(T ∈ [t, t+δt] &E∈ [e, e+δe]) = δt·PT (t)×δe·PE(t) =
δtδe · P (t, e). We could imagine raising a third dimension coming out of the page on the 〈T,E〉
rectangle in the figure, so that its height at location 〈t, e〉 is P (t, e).

The performance of a person with talent T and environment E is given by X = T +E. Fix a
performance value x of which we will require of all group g people that we are considering for
acceptance. By the statement in the lemma, this restricts the talent from [tmin, tmax] to [x−emax, x−
emin].

Our goal is prove that the probability density function Px(t) = Pr(T ∈ [t, t+δt]|X=x)/δt of the
distribution on talents t that arise under this condition is simply P (t, x−t). The standard conditional
probability formula Pr(T ∈ [t, t+δt] & X =x)/Pr(X =x) is awkward because the later is zero.
Conditioning on our probability space amounts to narrowing our 〈T,E〉 rectangle of possibilities
to the 1-dimensional line defined by {〈T,E〉 |x=T+E}. Lets us define the infinitesimal rectangle
of possibilities St = {T ∈ [t, t+δt]} × {E ∈ [x− t−δt, x− t]}. Within this, X is sufficiently
close to x, the density function P (t, e) is sufficiently constant. Hence, we will approximate Pr(T ∈
[t, t+δt] & X = x) with Pr(St), which is P (t, x−t) ·(δt)2. Lets return to the awkward fact that
Pr(X=x) is zero. Let’s define Sx =

⋃
t St to be the union of all of our rectangles within which

X is sufficiently close to x. Then we will replacing Pr(X = x) with Pr(Sx). Lets denote this
probability with px ·δt. We are now able to determine the probability Pr(T ∈ [t, t+δt]|X = x)
= Pr(St|Sx) = Pr(St)/Pr(Sx) =

[
P (t, x−t)·(δt)2

]
/(px · δt). Our density function Px(t)

is this divided by δt. It follows that the density function of Pr(Tg ∈ [tg, tg + δt]|Xg = x) is
Px,g(tg) = cgPT (tg)PEg (x−tg). Here cg is the multiplicative constant needed to make the area
under the density functions one.

D.3 Proof of Wide Environment or Non-Uniform Talent

Theorem 4 Let talent distribution for TA and TB be arbitrary within a narrow range [tmin, tmax].
Let environments E′A and EB be independently chosen from the same arbitrary distribution. Let
EA = E′A+k. Condition on the both of their performance scores Xg = Tg+Eg being some fixed
value x. Suppose this condition restricts the environment range but not the talent range. Groups A
and B having the same conditioned talent range, means that there are no immediate reasons that
Exp(TA|XA=x) and Exp(TB |XB =x) are different. However, if the environment distribution is
log-concave, then we still have the following.

Pr(TB≥ t|XB=x) ≥ Pr(TA≥ t|XA=x)

Exp(TB |XB=x) ≥ Exp(TA|XA=x)

Proof of Theorem 4: Let PT (t) denote the density function of the distribution with which talent
T is chosen and PEg

(e) denote the same for environment Eg. Lets compare PEA
(e) and PEB

(e).
Having EA = E′A +k with E′A chosen using PEB

(e) gives PEA
(e)δe = Pr(EA ∈ [e, e+ δe])

= Pr(E′A+k ∈ [e, e+δe]) = Pr(E′A ∈ [e−k, e−k+δe]) = PEB
(e−k)δe. Define Êg(t) to be

PEg
(x−t). Note that ÊA(t) = PEA

(x−t) = PEB
((x−t)−k) = PEB

(x−(t+k)) = ÊB(t+k).
Define H(t) = ÊB(t)/ÊA(t). One property of EB being log-concave is that H(t) is increasing.

Lemma 1 states that the density function of Pr(Tg∈ [t, t+δt]|Xg=x) is Px,g(t) = cgPT (t)PEg
(x−t).

Fix some threshold t̂. This gives

Pr(Tg≥ t̂|Xg=x) =

∫
t∈[t̂,tmax]

PT (t)Êg(t)δt∫
t∈[tmin,tmax]

PT (t)Êg(t)δt
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To simplify notation, let’s define a functional F , which for any function R(t) gives the fraction of the
area under the curve that is to the right of the t= t̂, namely

F(R) =

∫
t∈[t̂,tmax]

R(t)δt∫
t∈[tmin,tmax]

R(t)δt
(1)

Hence we can write
Pr(Tg≥ t̂|Xg=x) = F(PT Êg)

Recall that H(t) = ÊB(t)/ÊA(t) is increasing. Let c be the constant H(t̂). Hence ∀t ∈ [tmin, t̂] we
have H(t)/c ≤ 1 and ∀t ∈ [t̂, tmax] we have H(t)/c ≥ 1. Hence, for any function R(t), multiplying
R(t) by H(t)/c decreases R(t) for those t before t̂ and increase those after. It follows that the
fraction of the area under the curve R(t) that is right of the t= t̂ increases, i.e. F(R) < F(H/c·R).
Similarly, F(R) = F(cR). The result follows

Pr(TA≥ t̂|XA=x) = F(PT ÊA) = F(cPT ÊA) < F(H ·PT ÊA)

= F(ÊB/ÊA ·PT ÊA) = F(PT ÊB) = Pr(TB≥ t̂|XB=x)

Once we have this, Lemma 4 converts this result about probabilities into one about expectations.

Lemma 3. One property of EB being log-concave is that H(t) is decreasing.

Proof of Lemma 3: We need H(e) = E(e)
E(e+k) to be increasing. When E is differentiable, we need

H ′(e) = E′(e)E(e+k)−E(e)E′(e+k)
E2(e+k) > 0 or E(e+k)

E′(e+k) >
E(e)
E′(e) or that Q(e) = E(e)

E′(e) is increasing, namely

Q′(e) = (E′(e))2−E(e)E′′(e)
(E′(e))2 = 1 − E(e)E′′(e)

(E′(e))2 > 0 or that E(e)E′′(e) < (E′(e))2. This is exactly
the last property that Wikipedia lists for functions E(e) that are log-convex.

Lemma 4. If ∀t Pr(TB ≥ t|XB = xB) > Pr(TA ≥ t|XA = xA), then Exp(TB |XB = xB) >
Exp(TA|XA=xA).

Proof of Lemma 4:
Exp[TB |XB=x] =

∫
t≥0

t·Pr(TB ∈ [t, t + dt]|XB =xB)δt =

∫
t≥0

∫
t̂∈[0,t]

Pr(TB ∈ [t, t + dt]|XB =xB)δt̂δt

=

∫
t̂≥0

∫
t≥t̂

Pr(TB ∈ [t, t+dt]|XB =xB)δtδt̂ =

∫
t̂≥0

Pr(TB≥ t̂|XB =xB)δt̂ >

∫
t̂≥0

Pr(TA≥ t̂|XA=xA)δt̂ = Exp[TA|XA=x]

E Appendix: Almost Uniform Talent

Theorem 3 requires that the talent distribution is uniform and proves Pr(TB ≥ tA+k|XB =x) =
Pr(TA ≥ tA|XA = x). This section is our unimpressive results when this restriction is loosened
slightly and the link between EA and EB tightened.

Theorem 6. The talents TA and TB of individuals in the two groups are random variables drawn
independently according to the same 〈ε1, ε2〉-uniform talent distributions. Let environments E′A and
EB be independently chosen from the same arbitrary distribution. Let EA = E′A+k and tB= tA+k
or more generally let EA = d·E′A+k and tB = tA+k+(d−1)(x−tB).3 Condition on the both of
their performance scores Xg = Tg+Eg being some fixed value x. Suppose this condition restricts
the talent range but not the environment range. The following follows.

Pr(TA≥ tA|XA=x)− Pr(TB≥ tB |XB=x) ≤ (1+ε1)ε2
tB−tA

tmax−tmin
This is small as long as the talent range is much bigger than the difference in their talents or the
uniform parameters make the talent distribution almost uniform.

Defn 〈ε1, ε2〉-uniform: The section requires that the talent distribution T is what we call 〈ε1, ε2〉-
uniform. We know that something similar is needed because Figure 3 gives an example of a

3Having tB on both sides is odd, but we are assuming environment eB = x−tB > 0 making it clear that
tB≥ tA+k when d≥1.
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non-uniform talent distribution for which the section’s result does not hold. Let the range of talent
values be denoted by [tmin, tmax]. Because the area under its density function PT (t) is one, the
average value of PT (t) is 1

tmax−tmin
. Our almost uniform condition requires that its minimum value

at least an (1+ε1) factor of this, namely MintPT (t) ≥ 1
(1+ε1)(tmax−tmin) . If its density function

PT (tg) was a line from zero to a maximum probability, then this maximum value would be 2
tmax−tmin

and the slope would be 2
(tmax−tmin)2 . Our almost uniform condition requires that this slope is never

more than ε2
(tmax−tmin)2 . Define p∆ =(1+ε1)ε2

tB−tA
tmax−tmin

. 〈ε1, ε2〉-almost uniform distributions are
almost uniform and the restriction and the result are the strongest when the εs are close to zero.
Though we want the group’s talent difference tB−tA to be as large as possible, we are assuming that
it is small relative to the size of the range [tmin, tmax].

Proof of Theorem 6: Integrating the probabilities given in Lemma 1 gives Pr(Tg≥ tg|Xg=x) =∫
Tg≥tg cgPT (Tg)PEg

(x−Tg)δTg. However, we do not know how to integrate this. Instead we will
convert piece of it from person A to B, i.e. PEA

(eA)δe = d−1PEB
(eB)δe, PT (TA)−PT (TB)≤∆,

and δtA = d δtb. Then we are sorry to say the constant cg gives us a hard time.

Lets compare the density functions of the two groups environmental distributions. Having EA =
d·EB+K gives PEA

(eA)δe = Pr(EA∈ [eA, eA+δe]) = Pr(d·EB+k∈ [eA, eA+δe]) = Pr(EB∈
[eB , eB +d−1 ·δe]) = d−1PEB

(eB)δe.

We also need to bound PT (TA)−PT (TB)≤∆. If the talent distribution T is uniform, then this
is zero. If its density function PT (tg) was a line from zero to a maximum probability, then this
maximum value would be 2

tmax−tmin
and the slope would be 2

(tmax−tmin)2 . Our almost uniform

condition requires that this slope is never more than ε2
(tmax−tmin)2 . This gives ∆ ≤ ε2(TB−TA)

(tmax−tmin)2 .

The form Fx(tA) = tB = tA+k+(d−1)eB is the best form for seeing that TB ≥ TA+k. However, in
order to be able to take the derivative, lets go farther, namely tB = tA+k+(d−1)

[
d−1(eA − k)

]
=

tA+K
d + d−1

d eA = tA+K
d + d−1

d (x−tA) = tA+K
d + d−1

d x. From this we get δtb
δtA

= 1
d .

With this we can continue to compare our group conditional probabilities.

Pr(TA≥ tA|XA=x) =

∫
TA≥tA

cAPT (TA)PEA
(x−TA)δTA

≤ cA

∫
TB≥tB

[PT (TB)+∆][d−1PEB
(x−TB)][dδTB ]

≤ cA

[∫
TB≥tB

PT (tB)PEB
(x−tB)δTB+∆

∫
TB

PEB
(x−TB)δTB

]
= cA

[
cB
−1

∫
TB≥tB

Px,B(TB)δTB+∆·1
]

= cA
[
cB
−1Pr(TB≥ tB |XB=x)+∆

]
.

Suppose tA = tB =∞, then the probabilities are one. This gives 1 = cA
[
cB
−1 ·1+∆

]
. Setting

CA = c and solving gives cB−1 = 1−c∆
c from which we get

PA = cA
[
cB
−1PB+∆

]
= c

[
1−c∆
c

PB+∆

]
= (1+c∆)PB−c∆ ≤ PB−c∆

We were disappointed that the constant cg appears in this result, We are not really sure why it does. It
can be viewed in two ways. First, it appears in the density function Px,g(tg) = cgPT (tg)PEg

(x−tg)
to make the area under the function one. Second, 1

cg
= Pr(Xg = x). In Figure 3 because the B

person is completely in the infinitesimal part of T , the probability of this occurring is infinitesimal.
The makes cB infinitely large. In this case, at least, this is not a problem because conditioned on this
event happens, his expected T value is K bigger than A’s.

In order to deal with the c in PA ≤ PB−c∆, lets get a rough bound on it. Let the range of talent
values be denoted by [tmin, tmax]. Because the area under its density function is one, the average
value of PT (tg) is 1

tmax−tmin
. Our almost uniform condition requires that its minimum value at least
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an (1+ε1) factor of this. Using this to bound the entire area gives

1 =

∫
Tg

cgPT (Tg)PEg
(x−Tg)δTg

≥
∫
Tg

cg
1

(1+ε1)(tmax−tmin)
PEg

(x−Tg)δTg

≥ cg
1

(1+ε1)(tmax−tmin)

∫
Tg

PEg
(x−Tg)δTg

≥ cg
1

(1+ε1)(tmax−tmin)
× 1

cg ≤ (1+ε1)(tmax−tmin)

From this we can conclude.
PA ≤ PB−c∆

= cA−(1+ε1)(tmax−tmin)× ε2(tB−tA)

(tmax−tmin)2

≤ PB−(1+ε1)ε2
tB−tA

tmax−tmin
When the talent distribution is uniform, ε2 =0 giving PA = PB .
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