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Abstract

Allen-Zhu, Li, and Song [?] gave an amazing paper proving that gradient descent starting
with random weights converges to an optimal solution in time D) as long as the machine
has DM parameters, where D is the amount of training data. But surely with a trillion data
items, the number of iteration does not exceed ~log D. Previous paper[?] had the time depend

on 27 levels Byt surely with hundreds of levels, this dependence is not more than ~L. The
goal of our paper is to make sufficient reasonable assumptions to get these results to mirror
those found in practice. The result obtained is that the number of iterations is O (Llog(D))
as long as certain unrelated vectors remain not perpendicular, and some strange values remain
constant.

1 Introduction

In practice, it’s often observed that with a sufficient amount of data and parameters, systems like
ChatGPT and self-driving cars can be developed. However, as noted by Tsotsos [?], a lingering
concern remains: practical experience has yet to grasp when, why, and how the process might fail.
We propose a worldview in which the number of gradient descent steps to get the optimal solution
is O (Llog(D)) where D is the amount of training data and L is the number of layers in the neural
network. Note that it does not depend on the width M of the machine. The result does require
overfitting and a few other reasonable assumptions.

2 Historical Perspective

A longstanding debate within the realm of machine learning centers on the dilemma of whether the
number of parameters, denoted as M’, should surpass or fall short of the size of the training data
set, represented as D. The former is essential to ensure the existence of weight configurations w that
produce optimal computations on the training data, while the latter, as demonstrated by Avrim
Blum and Ronald Rivest [?, 7] renders the task of finding such weights NP-complete. (See Section 7?
for more). The former approach carries the risk of over-fitting, whereas the latter safeguards the
machine’s capacity to generalize to unseen data (a concept stemming from PAC learning). In
contrast, a smooth machine exhibits enhanced generalization capabilities. The fundamental idea is
that when a new input Z lies between training inputs 3 and Ty, its output is likely to fall within
the range defined by their respective outputs. Bubeck and Sellke [?] established that a machine
attains smoothness only when the parameter count M’ satisfies M’ > Q(ND). Additionally,
practical observations substantiate the idea that having an increased number of weights enhances
the maneuverability of gradient descent within this higher-dimensional search space, enabling it to
navigate obstacles more effectively.
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In 2018, Allen-Zhu, Li, and Song [?] gave an amazing paper proving that gradient descent
starting with random weights @y converges to an optimal solution in D™ time as long as the
machine has DO parameters. Their technique proves that as long as the weights remain within
a small ball around ), each step of gradient descent makes a multiplicative decrease in the error
until an optimal solution has been found.

A paper by Hui Jiang [?] proves that when gradient descent finds critical weights, i.e., a point
W on the error surface with zero slope, the resulting neural network NNg(x) provides accurate
responses for each training data point. Edmonds [?] decreases the requirement from needing (1 /€)™
parameters to needing the machine to possess at least one hidden layer with a node count M equal
to or greater than the number of training data points, denoted as D. Furthermore, they establish a
more quantifiable link between the criticality of « and the accuracy of the machine’s approximation
to the supervisor’s responses. The number of weights needed to achieve this result is nearly optimal
because reducing the number of weights further would render the weight optimization problem NP-
complete.

Having more parameters to learn clearly takes more computation time for each step of gradient
descent. However, [?] proves optimizing the weight is NP-complete with lots of local minimum
when the neural network width is less than the amount of training data, while our second result
proves that the number of iterations depends on the number of layers L but not on the width M
of the machine and only O(log D) on the amount D of training data.

3 Statement of Result

Theorem 1 (Time) When the assumptions are met for the entire duration of the gradient descent
algorithm, the number of iterations is t = 0(14-cqaqn L) log(D/€), where D is the amount of training
data, L is the number of layers in the neural network, and cqqen 98 a strange value we will assume
is 0(1). The required assumptions are as follows:

1. Error Function: The error Error(w) is assumed to change from O(D) to e.
e - 2
Here Error(w) = 3 ep) (NNa(Za) — y3)" = D geip) ©(1) = ©(D).
We are assuming that the supervisor’s answer y has been normalized to O(1) and the net-
works output NNg(7y) is kept to O(1).

2. Activation Function: Though the proof uses sigmoid, the only property of it that we use
is that dsigmoid(2)? | §sigmoid(z)
is that 322 /=5,
% = 0 and the cquqn L part of the time would disappear. One might conclude that
the same holds for a piece-wise linear function like ReLU. However, it does not because the
Taylor approximations breaks down as soon as one of the activation functions crosses such a

transition.

= 1—2y € [—1,1]. If the activation function where linear, then

3. O(1) Step Size: In order to avoid second-order curvature terms, the step size is set as
follows. In order to avoid higher-order curvature terms, the step size 4 cannot exceed one.

2171
Ve = Min ([9(1+CaaahL) : Ed Em (%ﬁ) :| ,1>

Note that this value changes with each time step. We generally simplify all the notation by
dropping the t subscripts.



The problem with decreasing ; to one is that this decreases the running time by the same
factor. To avoid this, we add the assumption that the original defined amount is O(1).

Lemma [2] helps to justify this by proving it is 0 ( ) where we justify ¢, and ¢, are 6(1)

1
cpc. DL3
as follows.

- 2
e Here ¢, = Avgay ]w<d,z>\2 = Avgae Y ) (.’13<d7g7k>) )
In practice, machine learners do not want the values across a layer to blow up or decay
layer by layer. We expect this to be O(1).
SN2
e Here c, = Avgqy Zj (M) .

02(d,t,)
This is similar to the sensitivity requirement in Theorem ??. We expect this to be ©(1),
because if the pre-activation values z(4, j of all My nodes at level £ change by €, we

likely want the output NNgz(Z4) to change by about O(e).

. Non-Perpendicular: Define a D-dimensional vector space with a dimension for each train-
ing input Z4. Let Loss denote the vector (NNg(Z4) — vy | d € [D]) and for each weight y,,

let Diry, denote the vector <MV2VT13(@)| de [D]> These vectors Loss and Dir, are not co-

ordinated in that a little noise added to the supervisor’s output (yj) weights changes the
first, and a little noise added to the weights @ changes the second. We require that angle o,
between them is not 90° so that cos(au,) > Q(1).

Unlike Theorem 7?7 proving that there are no local minimum, this result does not "need”
the width M to be big. However, having more nodes M, means more vectors D?‘rm =

<MV2VT’DTS”})] de [D]> so "more” of them are going to be not perpendicular to Loss. Con-

sider the M edges from the M nodes at level ' —1 to a fixed node z(qs ;). The matrix
~ d '
<(WME($”‘)| ke [M],de [D]> is equal to the matrix <x<d’e’k> ke [M],de [D]> times the

6w<€,7k,j> |
vector %ﬁ' d € [D] ). Lemma ?7 proves that the second matrix is has rank D so so
PRV
does the first matrix. However, linear independence does not help that much because if the
columns are all perpendicular to each other, then all but one could be perpendicular to Loss.
In this case, the bound on the running time increases by a factor of D.
. Negations in Sum: The proof will want to factor a funny value (1—2y<d7¢7j>) Wk, j) out of
a funny sum. We define (1—2y(d7477)) w7y to be the value to make it work, namely so that

5NN (i) > SNN5(72)
Yjeny (1=2aen) "5zt twieng”® < (1=20den) Wiewn) - i) “seps,r Witka):

If all of these numbers were positive, we would simply factor out the maximum of these values.
Having different signs, however, makes it awkward. The sum we want to be small could not
cancel at all, while the one we want to be large could cancel to zero. In order to handle this,
we assume that we are able to factor out O(1) of their average value. The justification is that
if in both sums the sign of these M, terms were chosen randomly, then in both sums, all but
0(v/My) of the terms are expected to cancel.

. Mid-Sigmoid: We define cqqqp so that V (¢, d, ¢, k), (or at least on “average”) ‘w<£,k,?>‘ <

Caaah ‘%ﬁ . We will assume that this cygqn < O (1). (In the event that cyaqn < 0(1), the

theorem is stated as 6(1+cqqqnl).) The justification is as follows.




Notation: Recall wy, ;y represents the weight from layer £’s k" input node with post-
activation value g1y to its 4t output node with pre-activation value 2(d,05)-

ONNg(Zq) Z ONNg(Z4)
0xqery I 0Z(ae)
scaling all the w; ;» by the same factor.

Proportional: The equation is W 5y, which is proportional to

Simple Case: For better understanding assume that node (4 1) feeds into a single sigmoid
that is the output NNgz(Zy).

SNNg(Zg) SNNg(Z4) - 0sig(za,1)) o o

Fraen T 2o raes w<z,k,y> = orn Wik = si9(za,n) (L-sig(zian))) w0y
c _ /(SNN _ 1
aaah = 5$<dek> = sig(zea,ny)(1-sig(2(a,1y))

It is not surprising that the running time increases inverse proportionally to how small
the sigmoid outputs get. Theorem 7?7 assumes that these are all (1).

Non-Blowup: In practice, machine learners do not want the values across a layer to blow
up or decay layer by layer.

W k,5): The relation is 24 j) Zke (M 1] Witk j)¥T(dek)- Rearranged “gives” W k)|

needs to be = <d )] . Being the input to the sigmoid, we want ‘Z<d7g’j>| S
‘ kE[Mg_q] ‘ | dfk)’

6 (1). Because ZkE[Mg_l] (l’<d7g,k>)2 is expected to be 6 (1), £I§‘<d7g7k>‘ is expected to
be 6 (1 /A /Mg_l). If the sign of these M, ; terms were chosen randomly, then all but

0 (w /Mg,l) of the terms are expected to cancel. Together this gives us that ”Ll)<g,k’j>’

o(1) —
needs to be (o) 0(1).
INNg(Za), ONNg(Za) _ SNNg(Z2)  0T(a0k) e
0T (ae k) The relation is =57 Zke[MH] 0% (d,0,k) 577~ Rearranged “gives
SNN (i ‘M
il 77
IMN3(Za) | peeds to be o

. Because |[NNg(Z)| is expected to be

0% (d,0,k)

5% (d,e,k)
577

| Sreim 77

0 (1), we expect € events to change it by 6 (¢ x 1). This gives that %@ needs to

be 0(1). Because |ZL‘<d’g’]€>’ is expected to be 6 (1//M), we expect our € event to
change it by 6 (6 X 1/\/Mg_1). This gives that h%‘%’m needs to be 0 (1/\/Mg_1).
Again if the sign of the My terms in a sum were chosen randomly, then all but

. SNNg(Z4)
0 (w /Mg,l) of the terms are expected to cancel. Together this gives ’W

0(1).

5$<d 0,k)

needs

to be

6(1) _
O(/ Moy )x0(1/y/Mey)

Caaah: This gives coaan = ’w(&k,?>

= 0(1/1).

3.1 Proof Idea

The Error function is quadratic when it is defined as Error(w) = Y ,(NNg(Z4) — y;)? and the
neural network has only linear activation functions. On this, gradient descent solves the problem
in logarithmic time. Given current values wy, error Error(w;) = (wi—wy)?, derivative Error’ (w) =
2(wy—wy), update wyy = wy—yError’(w), each iteration decreases the error amount |w; —w,| and
the error measure (w; —w.)? by a constant factor, which leads to logarithmic time. What remains



is to take a step size small enough that the non-linearity of the neural network has an insignificant
effect.
The effect of the non-linearity is characterized by its second derivatives. This paper has a few
lemmas that approximate these second derivatives by converting them into the product of first
SNNg(Z4)* < ONNg(Za) SNNw(Zd)  This is
(@k,G) OW(er g1y OW(ek,g) QW g
proved by induction on the number of sigmoids L—¢ between the node/edge layer ¢ being considered
and the output layer L. This is easy when differentiating with respect to different things, i.e.
Wgk,j) VS Wi jr 7y OF when what is being passed through is linear. Lemma[§ handles the case when
neither is true, namely moving through the non-linear sigmoid activation function on the same
node twice. The relation being “passed through” is yq jy = sigmoid(z(4y ;). The lemma proves

. SN2 " LN 2 .
[5NNw(xd)2 <ec <§NNw(acd)> ] = |:6NN,;,(zd)2 <ec (5NNw(acd)> n (1 2y< » J)) SNNg(Zq) The second

derivatives. Lemma [ for example wants to prove ;.

5Y(d,e,5)° 0Y(d,e.5) 62(a,0.5)° 02(d,e,5) 02(d 0,5
term is the ugly one leading to cgqqn- The induction collects one such cgqqn for each sigmoid it
passes through. The ¢ on the first term is how many times it has been collected so far. Not having
the c on the second ugly term means that it is collected additively cquan+Caaah= - +Caaah = Caaah XL
instead of multiplicatively cuaan X Caaah X - - - X Canah = caLa ah

3.2 Linear Approximation

Proof: We begin the proof by considering what occurs in each step of gradient descent.

AW = ~yAError(w) = ~ <51§Z_)T10T, ce 535{/ >
Error(W+Aw) (by Taylor approximation)

= Error(W)+>,, [5%‘% . Afu‘)’m} + curvature O(Aw?) terms

= Brror(d@) + X, | 255 (=935 )| 1 0(1)

OWm

2
= Error(@) -7, (B22) +0(1%)
= Error(w) — Q(1+coaanl)™t) Error(w) (by Lemmas [ and [3)
= (1-Q((1+cCaganl)™h)) Error(w) = e UA(Meaaan L)"') Brpop (1)

Hence, the Error reaches € after t < 0(1+4cqqqnL) log(D/€). |

Lemma 1l ) <5ET:fr) > Q(%)

Proof: Recall the vectors Loss = (NNg(Zy) — vy | d € [D]) and Vm € [M'], Diry, = <M\ de[D ]>



By assumption @] of Theorem [I] the angle v, between them is not 90° so that cos(a.,) > Q(1).

Error(w) = Y, (NNg(Zq) —y2)2
%‘ZM) = 2>, (NNg(Za) —yj) - W?TW = 2 Loss - Diry, = 2 cos(am) |Loss| |Diryy|
= Q1) - |Loss| - | Diry,|
S, (Per@)E — S Q1) - |Loksf - | Dirf?

= o) [Sa W) ] - [, 5 (25522)]
= Q1) - [Error(d)] - [0(1+caaanl) - 7]~ (By the definitions of Error and +.)

Ln2] 7!t
This is not why the step-size v is set to [0(1+caaahL) D ddom (M) ] , but it sure is

OWm

convenient.

= 2
Lemma 2 [9(1+CaaahL) : 7]_1 = Em |l)”‘m|2 = Z Zd <6NN )> = ¢z, DL.

OWm

Proof: We begin by considering the influence of weight w ;y €R.

2dtg) = 2ok Wiekg) XTdLk)
ONNg(Za) _  ONNg(Za) = O%aeg) _ SNNg(Za) |
S e k) 02degy  OW(ek) 5Z<dea L(dbk)
N
SNNg(Z4) _ SNNg(Z4) _ SNNg 2
2 bk <Tsw<m,j> ) = g2 Zk( 52(a,0,7) (x<d,€,k>) = 2ae |2 5ZWJ> 22k ()
= ¢, DL

3.3 Step Size v and Second Derivatives

OWim

L v2] 7t
Lemma 3 Setting the step size to v = |0(14caqanl) - D gD (%) } is small enough to

avoid second-order curvature terms.

Proof: The Taylor expansion is Error(é+yAError) = Error(w) — E'y + 3 1E"y2 4 3 LE"~3 4.

We avoid the second order term, i.e. E’+? < E'y, by setting v = g,,. ThlS in turn ensures the
higher order terms decrease geometrically, at least in the cases when Error(w) is w® and e“’. The
problem cases are cw, sigmoid(0), and sin(0) because E” = 0, giving v = oo. We avoided this by



assuming that « is O(1) and rounding down to one.

2
E~y = Y. (%) v (Theorem [IJ)
2 §Error? = =
B = S S |52 - A Awm’}

ONN 5 . ONNg(Z, rror rror
< Zm Zm’ |:|:9(1+CaaahL) Ed 6wm 511775, d>:| : ( 75?111771 ) ' ( ’Yéfw , )]
(by Lemma [I) (Gradient Descent Step)

ONNg(Za) | éError 2
d Zm SWm (

ONNgz(Zg) 6Error
(5 m >< xim)]

[

1 )
d[008<a>')<m >\ \<‘5?£T m)
(

IA
(9}
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2217t
' 5NN
V=g = [0(1+caaahL) 2d2m ( 55,,(1%)) }
o
Lemma 4 % < O(1+cCaaanl) - >y SNZSngd) . (SNé\%ilfd)‘
: §Error(@ " o\ ONN(Z,
Proof: g:g:l(w) = 22(1 (NNw(xd)_yd)' 5@'7&“)
§Error(w)?  _ ONN(Za)  SNNg(Za)
5wzogw1fn, = 2>, awm,xd S T
_ £\ ONNg(Z4)?
+ 25, (NNg(@a) — y3) - Samsia

INNg(Z4) — yj| is assumed to be O(1). Lemmas [Bl proves that the second term is at most cyqqnL
times the first. u

Lemma 5 Whether or not (v ery and xqp<py) and (wy v and w<g g ) represent different
or the same node/edge:

(72 o L

NNy (Za) < conan(D—10) 0NN (Za) INNg(Ta) (1)
0T (g0 ky OT(d.er k) OT(geky OT(de k)
(72 o L

5NNw(xd) < Caaah(L_g) . 5NNw($d) 5NNw(xd) (2)

5w<€,k,j> 5w<g/7k/7j/> 5w<47k7j> 5w<g/7k/7j/>

Proof of Lemma [BL1: This is proved by induction on the number of sigmoids L—/ between the
node/edge layer ¢ being considered and the output layer L. When the two nodes/edge are in
different layers, i.e., £ > ¢, the proof moves the second one up increasing ¢ until they are in the
same layer. Being about the same, the proof here focuses on the case in which they are in the same
layer, i.e., £ = {'. The hardest case is when the two nodes are the same.

The base case occurs at the output NNgz(Z;) which is the output Y(d,1-1,5) to the L—15 layer.

If there were one, this would also be the input x4, 1) to the L™ layer. The number of sigmoids

7

Think of this as the dot product of two vectors.)



between this gz and the output is L—L = 0. Here, the statement is true because 0 =

o N 2
SNNg(4)> _ _ (5NNm(wd)> _
Sria ey Caaah(L—L) 0% (a,1,k) =0x L

: : __ONNs(@9)® _p) . SNNw(Za) ONNg(Za)
The induction step proves e g = Caaah(L—1) S atn 0% (g )

after it. By way of induction, assume the same statement is true for each x4 4 ;) with L—£—1
sigmoids after it. Recall that x gy jy is different notation for y.q ;) shifted one layer up. This
gives us the precondition for Lemmas [0 [[] and B with ¢ = L—¢—1. We continue the proof as
follows.

with L—/ sigmoids

Vi Zdegy = 2ok Wiekg) X Tdek)
INNg(Za) _ SNNg(Zq) 07(d,e5) INNz(Za) )
6x(d,€,k:> - Z] 6Z<d,l,j> 5x<d,£,k:> - Z] 6z<d,l,j) w<f,k),‘]>

SNNg(Zq)? B SNNg(q)? o SNN(Zq) ' '
(sI(d’g’k) 6z<d,l,k/> - Z] 5Z<d,£,j> 5m<d,€,k/> w<‘€7k7]> - Z] Zj/ 6Z(d,€,j) 6Z(d,[,j/> w(é,k’y]l> w<€7k:]>

(There is an extra term when the two nodes (¢, j) = (¢, j') are the same.)
325 X Conan(L—=1) - G E STy, vy oy (by Lemma D)

0%(d,e,5)  O%(a,e5)

IN

SNNg(Z,
+ Yjepny (1—29a0) Wijf)w@,k,jf (by Lemma [)

. B SNNg(Za) | 2
I term = caaan(L—L—1)- (W)
2" term By assumption [l of Theorem [Il we can pretend that the (1_23’(61!,]‘)) WL k,j)

can be factored out.
_ INNg(Za) _ INNg(Zq)
= (1=2yaen) wiek) - Ciep) Tage,r Witk = (1=2@en) Wik - ( S )

Here y4,07) is the output of the sigmoid activation function and hence 1-2y.4, 7 € [-1..1].

SNNg ()
0% (d,6,k)

By assumption [ of Theorem [I} ‘w@’k’ﬂ < Caaah

IA

NNy (Za) ) 2

Caaah ( 0% (a,0,k)

SN2
The number of (%ﬁ) introduced by the 1% term is Caaah(L—0—1) and the number introduced

by the 27 is cqqqn for a total of caqqn(L—F). [
Lemma 6 Whether or not wi ;) and wy g jry are the same weight:

SNNz(Zq)? _ ONNg(Z4) SNNg(24) SNNz(Zq)? _ ONNg(%4) NNg(Zg)
52200 0 =C . O = |5 o =C3 5
Z(d,e,5) O%(d,e’,j") Z(d,e,g)  OF(due’,j) Wie,k,g) OW(er k! 51 Wit k,g) OW (el k7 57

Proof of Lemma [Bl2 and

2deg) = 2ok Wek) X T(d,0k)
SNNg(Za) _  INNg(Za) 02aty) _ ONNg(Za),,
Swek ) 02(d,0.5) OW(L k) 2y - (bOK)

SNNg(Z0)2  O%ae")
02(d.0.5) 9%(aer 51y OW(er kt 1)
SNNgz(Z4) SNNg(Z4)
0%(de5y  O%(aer j)
SNNg(Z4) SNNg(Za)
s o

Wt kg) OW(er k!,5")

6NN1TJ(fd)2
OWek,j) OW (gt 1t 1y

5NNU7 (fd)2
02(d,0,5) 0%(a,er i)

T(d 0 k) L(d,0,k)T(d, e k")

T(d,0, k) T(dt! k) (by assumption)




Lemma 7 If we are considering two different nodes, i.e., (€,5) # (', 7'},

then, ONNg(Za)? — INNg(Za) SNNw(Za) - ONNg(Za)>  _ 9NN (Z4) SNNs(Za)
OUd,e) OWiaw i1y OUdeg) OUlae ) 02(d,e,5) O%(qer 1y OFdg)  OF(au ;1
Proof: Yaeg) = sigmoid(zage;)
SNNg(Za) _  SNNg(Za) 0aej) _ SNNg(Za) 959(2(a05))
02(d,¢,5) OY(d,e,5) 9%(d,0,j) Y0y O%(d.e,j)
SNNg(9)®  _  _ ONNg(@?  8sig(z(aeg) 95990 1))
02(d,0,5) 6Z<d,£’,j’> 0Y(d,e.5) OY(aer i1y 0%(d.e.g) 5Z<d,e',j'>

NNy (%) SNNg(Zq) 35i9(2(a,0.5)) 0519(Z(a,er 1))

- .
S ey g O 5w 31 (by assumption)
< 9NNy (Z4) 6NN (Za)
- 02(d,e.5) 5Z<de’ i
£, 37
|
Lemma 8 If we are considering the same node twice, then
R N - NS .
SNNg(Z4)? < <6NN13(;vd)> SNNg(Zq)? < (5NN@(xd)) - \ ONNg(&q)
[5y<d,z,j>2 =\ o) = et =\ ) + (1=2y(a.,) 82(a,e,5)
Proof:
Ydeg) = sigmoid(zaej)
e _ 1 dy _
y = sig(2) = 7= and . =y(1 —y)
Sy2  _  dy d(l-y) _ _
52 = -y +=57 = Wal-yld-y) —ylyd-y)] = 1-2y]y(1 —y)]
dy
€ [ilal]ﬁ
SNNg(Za) _  6NNg(&a) a5y _ ONNg(Za) 95i9(2a,0.5))
02(d,¢,5) OY(d,e.5) 0%(d.e.j) OYaegy  O%d.e.j)
SNNg(%4)?  _ SNNg(Zq)2  0sig(2a,e,j)) SNNg () 9519(2(a,0,4))”
8274 0.5 0Y(a,e.g) 0%(d,e5)  O%(d,e.g) 0Y(d,eg)  0%(ae)”
st _ SNNg(@a)? (FsigGaes)\? _ . (0NNg@a)\? (Osig(zaei)\? _ . (SNNg(Ea)\?
I term = =53 5 = c(7 5 = c(%
Yid,e,5) #(d,0,5) Y(d,.5) #(d,0,5) #(d,e.)
N . . 2 N
nd _ [6NNg(#q) ;0519(2(a,0,5)) 5819(Z<d,e,j>)) _ . 1\ ONNg(Zq)
2 term - |: 5Z(d,[,j> / 6Z(d,2,j) 5Z(zi,£,j> - (1 2y<dug7]>) 5Z<d,£,j>
|

4 Mathematical Insight

We initiate our discussion with an intuitive overview of our approach. Our primary objective
is to prove that only globally optimal critical points exist. When considering sigmoid activation
functions, we make the assumption that they never reach zero or exhibit flat regions. Consequently,
we contend that as the weights w,,, undergo changes, the output of the neural network consistently
varies. In practical terms, this implies that for any fixed input Z, the relationship between NNgz(z)



and @ does not encompass critical points. The error surface Error(w) = Y ,(NNg(Zq) — y;)? has
local minimums only because of this imposed quadratic. We prove that all such critical points
are optimal in that for each training input Z4, the neural network produces an output NNg(Zy)
equaling the supervisor’s answer .

Hui Jiang, in his work [?], effectively introduces the following framework: Consider a vector
space of dimension D, where each dimension corresponds to a training input #y. Given the cur-
rent set of weights @, we can measure the discrepancy between the neural network’s response,
denoted as NNg(Z4), and the supervisor’s provided answer gy using the vector Lc;ss, defined as
Loss = (NNg(Z4) — yy|d € [D]). For each weight w,,, we define Diry, as the vector of derivatives
<%ﬁf‘0 |d € [D]). We can assemble a matrix Dir using these vectors, where each row corre-

sponds to Diry,. This framework enables us to express the direction of descent, i.e., the vector of
derivatives of the Error function with respect to each ,,, as follows:

Error(@) = Y4(NNg(Za) - y;)°
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%(w) = QZd(NN(d)—yd)-# = 2 Loss - Dir,,
VError(w) = <‘SET6T5:(“)), ey 6Eg;?;fw)> — 2Dir - Loss

If the neural network has more weights than data, M’ > D, the matrix Dir has more rows than
columns. Our task is to prove that it has full rank D. This then gives

Loss = iDir ! - VError(w)

Having the weights 0 situated at a critical point implies that each of these Error derivatives is zero,
namely VError(@) = 0. This results in Loss = (NNg(Zq) — y5 | d € [D]) = 0, signifying that the
neural network provides the optimal answers for all of the training data points.

Hui Jiang’s work [?] establishes that his version of the matrix Dir indeed possesses a rank of D.
Edmonds [?] decreases the requirement from needing (1/¢)" parameters to needing the machine
to possess at least one hidden layer with a node count M equal to or greater than the number of
training data points, denoted as D

Theorem [I] proves that the number of iterations is 9(1+caaahL) log(D/e) as long as during the
entire gradient descent, the angle o, between Loss and Diry, is not 90° so that cos(ay,) > Q(1).
This may be why in practice, noise is added to gradient descent. Perhaps naively, the authors argue
that this is a reasonable assumption. These vectors are not coordinated in that a little noise added
to the supervisor’s output (y7j) changes Loss = (NNg(Zg) — yy | d € [D]) and a little noise added

to the weights @ changes Diry, = <W?T“;(m})] de [D]>

If the gradient descent computation reached a point where all M’ of the vectors Dir,, were
perpendicular to Lofss, then the computation would stop in a local minimum. If a 5 fraction
(“randomly” chosen) of them are non-perpendicular, the rate of progress would decrease by a
factor of §7. However, such progress would move the computation past such an unfortunate place.

Unlike Theorem 77, Theorem [II, does not “need” the width M to be big. However, having more
nodes M means having more vectors D_’Zrm, and hence “more” of them will not be perpendicular
to Loss. Theorem ?? proves that D of the vectors Dir,, are linearly independent. This, however,
does not help that much because if these D_irm were perpendicular to each other and one of them
equals LJSS, then all but this one will be perpendicular to Loss. On the other hand, if the vectors
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Diry, span the D dimensional space, then at least one of them is not in the D —1 dimensional
subspace of vectors perpendicular to Loss. This keeps the computation moving. These are the
types of problems arising in [?] that we are ignoring.
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