
            

Cardinality Estimation of Skyline Queries: Harmonics in Data

Parke Godfrey

Technical Report CS-2002-03

October 2002

Department of Computer Science

4700 Keele Street North York, Ontario M3J 1P3 Canada



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . 0 � ) 0 


3 4 6 8 : < 4 > : @ A B C @ : G 4 @ : I < I K M O A > : < R S T R 6 : R C

X Y Z \ ^ _ ` a c Z ^ e f

h � � � i � � l 	 � m � � �
o p � � q 	 	 � 	 � � � 	 	 �
r � � � � � � s � t u v x 0 z v

| } ~ } � }
� � � � � � � � � � � � � � � � � � �

� � � � 	 � 	 � ) � � � � � � � � �  u � � �
z . � . � � � � p � �

� � � � � � � m � ¢ � � s £ ¤ 
 v 0 � p ¦ � p � �
i . � . ¤ .
� � � � � � � � � � � ¨ © � � � �

ª « ¬ ­ ® ¯ ± ­
² ³ ´ µ ´ ¶ ¸ ¶ º » ´ µ ´ ¸ » » ¼ ¸ ½ ¿ ¿ ¼ µ » À ½ ´ µ ¶ ´ ¸ Á ¶ » ³ ¿ µ ´ Ã ´ µ ´ º Ä ´ ¸ ¶ º µ ´ Å Æ » ¶ ¼ º Æ Å ¸ Ç ¸ » ´ È ¸ Ê Ë º Æ Ä Ä ¼ µ Í Æ º Ä ´ Î » ³ ´ Ï Ð Ñ Ò Ó Ô Õ

¼ ¿ ´ µ Æ » ¼ µ ³ Æ ¸ Ö ´ ´ º ¿ µ ¼ ¿ ¼ ¸ ´ Í Æ ¸ Æ º ´ × » ´ º ¸ ¶ ¼ º » ¼ Ù Ú Û Ê ² ³ ´ Ä ¼ µ µ ´ ¸ ¿ ¼ º Í ¶ º Ü ¸ Ý Ç Å ¶ º ´ Ä Å Æ ½ ¸ ´ ´ × » ´ º Í ¸ ¼ º » ³ ´
Æ Ü Ü µ ´ Ü Æ » ´ ¼ ¿ ´ µ Æ » ¼ µ ¸ ¼ Ã Þ ß à Æ º Í Þ Ó Ô Ê Ë » ´ ¸ ¸ ´ º » ¶ Æ Å Å Ç ¸ ´ Å ´ Ä » ¸ » ³ ´ » ½ ¿ Å ´ ¸ » ³ Æ » Æ µ ´ È ½ » ½ Æ Å Å Ç ¼ ¿ » ¶ È Æ Å ¼ ä ´ µ Æ
º ½ È Ö ´ µ ¼ Ã Æ » » µ ¶ Ö ½ » ´ ¸ å Ö Ç ç Å » ´ µ ¶ º Ü ¼ ½ » Æ Å Å » ½ ¿ Å ´ ¸ Á ¶ » ³ Á ¼ µ ¸ ´ ä Æ Å ½ ´ ¸ ¼ º ´ ä ´ µ Ç ¸ Ý Ç Å ¶ º ´ Æ » » µ ¶ Ö ½ » ´ Ä ¼ È ¿ Æ µ ´ Í
Á ¶ » ³ » ³ ´ é ê ë ì í î ï » ½ ¿ Å ´ ¸ ð Ê

ñ ´ Ä ´ º » Á ¼ µ Ý ³ Æ ¸ Ã ¼ Ä ½ ¸ ´ Í ¼ º ³ ¼ Á » ¼ Ä ¼ È ¿ ½ » ´ ´ ô Ä ¶ ´ º » Å Ç ¸ Ý Ç Å ¶ º ´ À ½ ´ µ ¶ ´ ¸ ¶ º µ ´ Å Æ » ¶ ¼ º Æ Å ¸ Ç ¸ » ´ È ¸ ¼ ä ´ µ Å Æ µ Ü ´
Í Æ » Æ ¸ ´ » ¸ Ê õ » ´ ¿ ¸ µ ´ È Æ ¶ º Î ³ ¼ Á ´ ä ´ µ Î Ö ´ Ã ¼ µ ´ » ³ ´ ¸ Ý Ç Å ¶ º ´ ¼ ¿ ´ µ Æ » ¼ µ Ä Æ º Ö ´ ¶ º Ä ¼ µ ¿ ¼ µ Æ » ´ Í ¶ º » ¼ » ¼ Í Æ Ç ö ¸ µ ´ Å Æ » ¶ ¼ º Æ Å
¸ Ç ¸ » ´ È ¸ Ê ÷ Ö ´ » » ´ µ ½ º Í ´ µ ¸ » Æ º Í ¶ º Ü ¶ ¸ º ´ ´ Í ´ Í ¼ º ³ ¼ Á » ³ ´ ¸ Ý Ç Å ¶ º ´ ¼ ¿ ´ µ Æ » ¼ µ Ä ¼ È ¿ ¼ ¸ ´ ¸ Á ¶ » ³ » ³ ´ ¼ » ³ ´ µ µ ´ Å Æ » ¶ ¼ º Æ Å
¼ ¿ ´ µ Æ » ¼ µ ¸ Î Ö ¼ » ³ Å ¼ Ü ¶ Ä Æ Å Å Ç Æ º Í Æ Å Ü ¼ µ ¶ » ³ È ¶ Ä Æ Å Å Ç Ê ² ³ ´ À ½ ´ µ Ç ¼ ¿ » ¶ È ¶ ø ´ µ È ½ ¸ » Ö ´ Æ Ö Å ´ » ¼ ¶ º Ä ¼ µ ¿ ¼ µ Æ » ´ » ³ ´ ¸ Ý Ç Å ¶ º ´
¼ ¿ ´ µ Æ » ¼ µ Ê ² ³ ¶ ¸ Á ¶ Å Å µ ´ À ½ ¶ µ ´ ´ × » ´ º Í ¶ º Ü » ³ ´ Ä ¼ ¸ » È ¼ Í ´ Å Ã ¼ µ ¸ Ý Ç Å ¶ º ´ À ½ ´ µ ¶ ´ ¸ Ê ÷ Ä µ ¶ » ¶ Ä Æ Å Ä ¼ È ¿ ¼ º ´ º » ¼ Ã » ³ ´ Ä ¼ ¸ »
È ¼ Í ´ Å È ½ ¸ » Ö ´ Æ Ä Æ µ Í ¶ º Æ Å ¶ » Ç ´ ¸ » ¶ È Æ » ¼ µ Ã ¼ µ ¸ Ý Ç Å ¶ º ´ À ½ ´ µ ¶ ´ ¸ ö µ ´ ¸ ½ Å » ¸ ´ » ¸ Ê

õ Ý Ç Å ¶ º ´ Ä Æ µ Í ¶ º Æ Å ¶ » Ç ´ ¸ » ¶ È Æ » ¶ ¼ º ¶ ¸ » ³ ´ Ã ¼ Ä ½ ¸ ¼ Ã » ³ ¶ ¸ Á ¼ µ Ý Ê ú º Í ´ µ Æ Ö Æ ¸ ¶ Ä È ¼ Í ´ Å ¼ Ã Æ ¸ ¸ ½ È ¿ » ¶ ¼ º ¸ ¼ Ã
¸ ¿ Æ µ ¸ ´ º ´ ¸ ¸ ¼ Ã ä Æ Å ½ ´ ¸ ¼ º Æ » » µ ¶ Ö ½ » ´ ¸ ö Í ¼ È Æ ¶ º ¸ å » ³ Æ » ¶ ¸ Î ä ¶ µ » ½ Æ Å Å Ç º ¼ Í ½ ¿ Å ¶ Ä Æ » ´ ä Æ Å ½ ´ ¸ ¼ ä ´ µ Æ º Æ » » µ ¶ Ö ½ » ´ ð Æ º Í
¸ » Æ » ¶ ¸ » ¶ Ä Æ Å ¶ º Í ´ ¿ ´ º Í ´ º Ä ´ Æ Ä µ ¼ ¸ ¸ Æ » » µ ¶ Ö ½ » ´ ¸ Î Á ´ ¿ µ ¼ ä ´ » ³ ´ ´ × ¿ ´ Ä » ´ Í ¸ Ý Ç Å ¶ º ´ Ä Æ µ Í ¶ º Æ Å ¶ » Ç Ã ¼ µ » Á ¼ ü Í ¶ È ´ º ¸ ¶ ¼ º Æ Å
¸ Ý Ç Å ¶ º ´ À ½ ´ µ ¶ ´ ¸ ¶ ¸ » ³ ´ ³ Æ µ È ¼ º ¶ Ä ¼ Ã » ³ ´ º ½ È Ö ´ µ ¼ Ã ¶ º ¿ ½ » » ½ ¿ Å ´ ¸ Î Æ º Í Á ´ Ü ´ º ´ µ Æ Å ¶ ø ´ » ¼ ¿ µ ¼ ä ´ » ³ ´ ´ × ¿ ´ Ä » ´ Í
ä Æ Å ½ ´ Ã ¼ µ È ½ Å » ¶ ü Í ¶ È ´ º ¸ ¶ ¼ º Æ Å ¸ Ý Ç Å ¶ º ´ À ½ ´ µ ¶ ´ ¸ ¶ ¸ Æ ³ ¶ Ü ³ ´ µ ü ¼ µ Í ´ µ ³ Æ µ È ¼ º ¶ Ä þ Æ ¿ Æ µ » ¶ Ä ½ Å Æ µ » Á ¼ ¿ Æ µ Æ È ´ » ´ µ ´ × ü

» ´ º ¸ ¶ ¼ º ¼ Ã » ³ ´ ³ Æ µ È ¼ º ¶ Ä º ½ È Ö ´ µ ¸ þ Á ¶ » ³ µ ´ ¸ ¿ ´ Ä » » ¼ » ³ ´ º ½ È Ö ´ µ Í ¶ È ´ º ¸ ¶ ¼ º ¸ å ¸ Ý Ç Å ¶ º ´ Æ » » µ ¶ Ö ½ » ´ ¸ ð Æ º Í » ³ ´
º ½ È Ö ´ µ ¼ Ã ¶ º ¿ ½ » » ½ ¿ Å ´ ¸ Ê ÿ ´ » ³ ´ º Ä ¼ º ¸ ¶ Í ´ µ » ³ ´ µ Æ È ¶ ç Ä Æ » ¶ ¼ º ¸ ¼ º » ³ ´ ´ ¸ » ¶ È Æ » ´ ¸ Æ ¸ Á ´ µ ´ Å Æ × » ³ ´ Æ ¸ ¸ ½ È ¿ » ¶ ¼ º ¸
¼ Ã » ³ ´ Ö Æ ¸ ¶ Ä È ¼ Í ´ Å Î ¸ ¼ È ´ ¼ Ã Á ³ ¶ Ä ³ Æ µ ´ Ä ¼ ½ º » ´ µ ü ¶ º » ½ ¶ » ¶ ä ´ Ê � ½ µ µ ´ ¸ ½ Å » ¸ ¿ µ ¼ ä ¶ Í ´ Æ Ö Æ ¸ ¶ ¸ Ã ¼ µ Æ Ä ¼ ¸ » È ¼ Í ´ Å Ã ¼ µ

» ³ ´ ¸ Ý Ç Å ¶ º ´ ¼ ¿ ´ µ Æ » ¼ µ Î Æ º Í Ü ´ º ´ µ Æ Å ¶ º ¸ ¶ Ü ³ » ¶ º » ¼ À ½ ´ µ ¶ ´ ¸ ¼ ä ´ µ È ½ Å » ¶ ü Í ¶ È ´ º ¸ ¶ ¼ º Æ Å Ä µ ¶ » ´ µ ¶ Æ Ê

� � � � � 
 � � � � � 
 �

� � � � � � �  " $ % & ' ( * + � * / ' * 1

� � � 	 � � � 	 m � � 	 2 � � � m � � 4 ¢ 	 � � � 	 � � � � � � � �  � � � � � 5 �  � � 	 m � � � � � 7 . r 7 	 � � � � 	 � � � � � � � - 	 � � � � � m 9 ; = � �  9 ? @
� � � � 2 � � 	 � � � 	 � � � 	 l 	 � 7 	 � 	 m � & � 7 � � � m s 	 � � 7 	 � � � 2 	 m � � � 7 � � 7 	 m � & � ¢ - � 	 m 2 � � 7 � 	 m - 	 � � � � � � 	 � � � � 	 � � � � . r 7 	
E F H J F L M � � � ¢ m 	 � � N P Q � � � � 2 m � � 	 � � � � � � � �  	 � � 7 	 � 	 m ¢ � � m s - 	 � 7 � - m 2 � � 7 � 	 m - 	 � � � � � � � � � � � � 	 � � � . R r 7 	 � � � �
� �  	 � � � � 2 � � � � 	 	 4 ¢ � l � � 	 � � � � � � 	 m � 	  m � � � � l 	 � � 7 	 � �  � � � � 	  � � � � � � ¢ � 	 m U l � � ¢ 	 m . W � 	 � � �  � 7 � m s � 	 � � � � � � � �
4 ¢ 	 � � � � � � ¢ � � 	 m � m N P Q - � � l �  	 � � � � � 	 	 � m 	 ) � � 5 �  � � � � 	 m � � � � � 7 	 m s � � ) � � 	 � - � 	 m m � � � - � 	 ) 	 � 	 � � 	 m � m - � � � � )

� � 	 U m 4 ¢ 	 � � 	 m .
¤ m � � 	 � � � - � 	 s � � � m �  	 � � � � � � 	 � ) � 	 m � � ¢ � � � � � ¢ �  	 � � ) � � � � � � � � s � m � � Y � � ¢ � 	 0 R � W . � � � ¢ � � Z m � � �  m ) � �

\ ] ^ _ a c ] s e ) � � g h h i s � �  j ) � � i ] c h ^ . k � � 7 � m m � � � 	  ) � � � 0 � � v � s 2 � � 7 v � � m � 7 	 � 	 m � . r 7 � m � � � � 	 � m � �  	 � 	  
� � � 7 	 m � � � � � ¢ � l 	 � ' ¢ �  	 m R ) � � 	 � � � - � 	 s m 	 	 o 0 � q W . � 	 � � 	 � � � 	 � 	 m � 	  � � � 7 � � m 	 � � 	 m � � ¢ � � � � ) � � � � 7 	 � ¢ �  	 .
� 	 � � 	 � � � � � � � ) � � � � 	 m � � 7 � � � 	 s � � � m 	 � � ) � 	 m � � 7 � � � 	 m ) � � � 2 7 � � 7 � � � 7 � � m 	 . t  	 � � � � s 2 	 2 � ¢ �  � � � 	 � 7 	
� 	 m � � ¢ � � � � � 7 � m 	 � � � � 	 � 7 	 � 	 m � ) � � m 	 � l � � 	 s ) � �  s w x i  	 � � � s w x i � 	 � 7 	 � � 2 	 m � - � � � 	  . r 7 	 � 	 � m � � � 	 � � � �

{ | } ~ � � � � � � ~ � � � � � ~ � � � � � � � � � � � } � � � � � � } � � � � � � � ~ � � � � ~ � � � � � � ~ � � � � } � � � � � � � � � � � � � � � � � � } � } � � ¤ } ~ � ¥



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . 
 � ) 0 


� � � � � � � � � � Z e j 
 � � � �
� ¢ � � 	 � u � � � 
 0 
 � 0 � o p . � �
m � � � - � � 	 
 o 
 � 
 0 � � . � �

� � 	 � � � � � ' � � � � 0 � 0 � 
 � � 
 . � �
h � � � � � � 	 
 
 
 
 0 p � 0 . � �

Y 	 � � � � � z � � � � 	 0 � 0 o 0 � 0 p . � �
� � � � � z � � � 7 � � � 0 o 0 v v 
 
 . � �

� } � � � � � } � ~ } � � � � � � � � } � � � ! " # # & ' ( * , ¥

� � � � � � � � � � Z e j 
 � � � �
� ¢ � � 	 � u � � � 
 0 
 � 0 � o p . � �
m � � � - � � 	 
 o 
 � 
 0 � � . � �

h � � � � � � 	 
 
 
 
 0 p � 0 . � �
Y 	 � � � � � z � � � � 	 0 � 0 o 0 � 0 p . � �

� � � � � � � � � � � � � ¥

Y � � ¢ � 	 0 / r 7 	 � 	 m � � ¢ � � � � � � � � 	 � �  � 7 	 m � � � � � 	 .

� 	 m � � ¢ � � � � � 7 � � � m � 	 � � 	 � � 7 � � � � � � � 7 	 � m � � � � � � � � � 	 � � � s 7 � 2 	 l 	 � s � m � m ¢ m ¢ � � � � � 7 	 � � m 	 � � � 	 � � � � ) 	 s � �  � � � 	 � �
 � � � . t � � � 	 � 	 m � � ¢ � � � � � � ¢ � - m � � � � � 7 	 � m . Y � � � � m � � � � 	 s � ¢ � � 	 � u � � � � m � 	 m � � � ) � �  s � ¢ � m � � � - � � 	 � m

� 	 m � � � m 	 � l � � 	 .
� 7 � � 	 � 7 	 � 	 � m � � � � 	 � 	 m � � 	 m � � ¢ � � � � 2 � � 7 � 	 m - 	 � � � � � ¢ � � � � � 	 � � � s 2 	 � � � 	 � � � � � � � 	 ) � � � � � � m �  	 � � � � � �

� � � 	 � m � � 7 � m 	 � 	 m � � ¢ � � � � m 2 7 � � 7 � � 	 2 � � m 	 � � � � � � � � � 	 � � � � 7 � � m � � 	 � � 7 	 � . r 7 	 � � � � � z � � � 7 � � � m 7 � ¢ �  � 	
	 � � � � � � � 	  � 	 � � ¢ m 	 � 7 	 Y 	 � � � � � z � � � � 	 � m � 	 � � 	 � � � � � � - � � � m � � � � � � m m � � � � ¢ � � � � � 	 � � � . r 7 	 � � 	 � � � � � ' � � � �
� m 	 � � � � � � � 	  s � � � ¢ � � s � 	 � � ¢ m 	 m � � � - � � 	 � m � 	 � � 	 � � 7 � � � � � � � � � � � � � 	 � � � . t ) m � � � - � � 	 2 	 � 	 � � � � � � 7 	 � � � � 	 s
� 7 	 � � 	 � � � � � ' � � � � 2 � ¢ �  7 � l 	 � 	 � � � � 	  � � � � m �  	 � � � � � � . R t � � 	 � 7 � � � ¢ � � 	 � u � � � � m � � � � 	 � � 	 � � 7 � � � 7 	
� � 	 � � � � � ' � � � � � � 1 s  	 � � � s 	 l 	 � � 7 � ¢ � 7 � � � m � 	 � � 	 � � � 	 l 	 � � � � 7 	 � � � � � 	 � � � � . W u 	 � � 2 7 � � 	 � 7 	 Y 	 � � � � � z � � � � 	

� m 2 � � m 	 � � 	 l 	 � � � � � � 	 � � � � � 7 � � 	 l 	 � � � � 7 	 � R � 	 � � � � � � � W � 	 m � � ¢ � � � � s 	 � � 	 - � � � - � � � 	 s 2 7 	 � 	 � � � m � 7 	 � 	 m � . � �
� � m � � � m � � � � � m �  	 � � � � � � . R t ) 2 	 2 	 � 	 � � � 	 � � l 	 4 F ; 6 J � m � � 	 � ) � ¢ � � � � � 	 � � � s � 7 	 Y 	 � � � � � z � � � � 	 m 7 � ¢ �  � 	
	 � � � � � � � 	  � � � . W r 7 � m 2 � ¢ �  � 	 m ¢ � � � � � 7 	 � 7 � � � 	 m � � Y � � ¢ � 	 0 R � W .

t � o v q s � � 	 2 � 	 � � � � � � � � � - 	 � � � � � � m - � � - � m 	  � � � � 	  � 7 	 \ 8 : ; a x ] h < ] ^ w > h ^ . r 7 	 � - � � - � m 	 � � 	 � � 	 � m � � � � �
N P Q 2 � � 7 � ? A M B ; = J E D � � � ¢ m 	 � m � 7 	 � � � � ¢ � � 	 � � ¢ � � 	 � - � � � � ) � 7 	 � - 	 � � � � � s 2 7 � � 7 � � � � 2 m 	 � m � 	 � - � 	 m m � � � � ) � 7 	

� 	 m � � ¢ � � � � 4 ¢ 	 � � 2 	 � � � � � � 	  � � � l 	 .

? J B J 6 E F F F D F E 9 F F F I J J F J F F F
L F E M 4 L M F F F J ? O ; = L F F F
? A M B ; = J E D ? P Q 9 ; = S 9 ? @ S H ; U V X F F F X

? [ Q 9 ; = S 9 ? @ S H ; U V

� } � | ~ � � � � � � � � � � � � � � � � ~ } � � ~ � � ~ \ ] ^ ¥

� � ` � � a b � � � © d � � � f � a �
� � � ` h i � � � j © � l m o © � l m

p © � l m q � h � � © h i

� � � ] � � ~ � � � � � � � � � ~ � � � } � ~ } � � � ¥

Y � � ¢ � 	 
 / � � � � � � 	 4 ¢ 	 � � 	 m .

r 7 	 ? A M B ; = J E D � � � ¢ m 	 � m m 7 � 2 � � � Y � � ¢ � 	 
 R � W . � � � � � � � � � � � � � s � � � m m � � � � � � � � � � E F H J F L M � � � ¢ m 	 . r 7 	
� � � ¢ � � m ? P s F F F s ? [ � � 	 � 7 	 � � � � � � ¢ � 	 m � l 	 � 2 7 � � 7 � ¢ � - � 	 ) 	 � 	 � � 	 m � � � � 	 . r 7 	 � � ¢ m � � 	 � )  � � � � � m � 7 � � 7 � l 	
� � � � ¢ � � � � �  	 � � � � s m ¢ � 7 � m � � � 	 � 	 � m s s � � � m s � �   � � 	 m . r 7 	  � � 	 � � � l 	 m 9 ; = � �  9 ? @ m - 	 � � ) � 2 7 	 � 7 	 � 2 	 - � 	 ) 	 �
� � 2 � � 7 � � 7 l � � ¢ 	 m s � 	 m - 	 � � � l 	 � � . r 7 	  � � 	 � � � l 	 H ; U m � � � 	 m � 7 � � � � 	 2 � � � m � � � 	 � � � � � 	 m � � 7 � � � 	 m 2 � � 7 � 	 m - 	 � �
� � 	 � � 7  � m � � � � � l � � ¢ 	 � ) � 7 � � � � � � � � ¢ � 	 . t 	 � 9 ; = � 	 � 7 	  	 ) � ¢ � �  � � 	 � � � l 	 � ) � � � 	 � m m � � � 	  . r 7 	 m � � � � � 	 4 ¢ 	 � �
� � Y � � ¢ � 	 
 R � W � l 	 � � 7 	 � � � � 	 v E E H w ? E ? � � Y � � ¢ � 	 0 R � W 	 � - � 	 m m 	 m 2 7 � � 2 	 7 �  � � � � �  � � � l 	 ) � � � 7 � � m � � �

y � 	 m � z � 	 m � � ¢ � � � � m s � �  2 � ¢ �  � 	 m ¢ � � � � � 7 	 � � m 2 	 � m 	 � � � Y � � ¢ � 	 0 R � W . t ) � 7 	 � � � � 	 v E E H w ? E ? 7 �  � � � � ¢ � �
{ ) � � c | a \ a x ] s 2 	 � � ¢ �  �   } H ; U � � � 7 	 ? A M B ; = J E D � � � ¢ m 	 � � 5 �  � 7 	 � 	 m � � 	 m � � ¢ � � � � m � � 	 � � 7 � ¢ � m � � 	 � � � ¢ - .

� � � � � � 	 4 ¢ 	 � � 	 m � � 	 � � � � ¢ � m �  	 � 7 	 	 � - � 	 m m � l 	 - � 2 	 � � ) � ¢ � � 	 � � N P Q s � ¢ � � � � m 4 ¢ � � 	 � ¢ � � 	 � m � � 	 � � � 	 �  	 �
m � � � � � 	 ¦ � � � 	 4 ¢ 	 � � 	 m . P r 7 	 m � � � � � 	 � � � ¢ m 	 2 � ¢ �  � 	 � ¢ m 	 ) ¢ � m � � � � � � � � �   � � � � � � � N P Q s � ) m � � � � � 	 ¦ � � � 	 4 ¢ 	 � � 	 m
2 	 � 	 � � � 	 � � � 	 � � � � � � - � � � 	 . u � � 	 � � - � � � � � � � 7 � � 	 � m 	 � ) 	 � - � 	 m m � � � s 7 � 2 	 l 	 � s � m � 7 	 	 � - 	 � m 	 � ) 	 l � � ¢ � � � � � .
¤ m � � � � � 	 � - 	 � � � � � � � � 7 	 � 	 � � � � � � � � 	 � � � � 	 2 � ¢ �  � � � 	 m � � � � � 	 4 ¢ 	 � � 	 m � � � � � � � � 	 � � 	 l � � ¢ � � 	 .

� � � � � � � � � � � } � � � � � � � � � � � � � � ~ � � � � } � � � ! } � � � � � � } � � � � � � * � � � � � � � � � ~ � � � � � } � } � � � � � � � � ~ � � � � } � � } � � � ¥



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . v � ) 0 


� � � � * & �  * � � � / $

r 7 	 � � � � 	 - � � ) m � � � � � 	 � � � � m 	 � ) � m � � � � 	 2 � � � 7 	 � 	 � m � . � ) � � ¢ � m 	 � 7 	 m 	 � � � 7 ) � � � - � � � � � m � � ¢ � � � � m � m �
2 	 � � ¦ 	 m � � � � � m 7 	  	 �  	 � l � � 2 � � 7 �  	 	 - � � � 	 � � � ¢ � 	 . � 	 � � � � � � � � � � 7 	 0 � � � U m s 2 � � � ) � � ¢ m 	  � � � - � � � � 	 � � � � � 2 � � 7
� 	 m - 	 � � � � � ¢ � � � - � 	 � � � � 	 � � � . r 	 � 7 � � 4 ¢ 	 m 7 � l 	 � 	 	 � 	 � - � � � 	  ) � � 5 �  � � � � � �  | > a ; a > : g | x c > a h x \ � � � � � � � � 	
	 � 	 � � � l 	 � � � 7 	 � ¢ � � � - � 	 � � � � 	 � � � � ) � � � 	 � 	 m � � � � � � m � � � � 	 m � � � 	 . r 7 	 � � � �  � � � � � � � � � � 7 	 � � � � � � � � 	 � 7 � � 4 ¢ 	 m

) � � 5 �  � � � � 7 	 � - � � � � � m � � ¢ � � � � & 2 � � 7 � 	 m - 	 � � � � � m � � � � 	 � � � � 	 � � � � s � 7 	 ¢ � � � � � � ) ¢ � � � � � � � � � 7 � m � � m 	 & � � ¢ �  
� 7 	 � � 	 � - - � � 	  . � � 7 	 � m s 7 � 2 	 l 	 � s � 	 � � � � � 	 	  � 7 � � � � � m � ) � 	 �  � � � ¢ � � s � ) � � � l � � � ¢ � � � � � � - � m m � � � 	 s � � 5 �  �
� 	 � m � � � � � 	 ¢ � � � � � � ) ¢ � � � � � � . r 7 ¢ m 2 � � � � � � | ; > a < ; ] c ^ a > ] ^ a w h < > a � a � w > a h x ) � � ¢ m 	  � � 7 � 2 � � 5 �  w ; ; � - � � � � �
m � � ¢ � � � � m � � � 7 	 m - � � 	 2 � � 7 � 	 m - 	 � � � � � 7 	 � ¢ � � � - � 	 � � � � 	 � � � o 0 p q . r 7 	  	 5 � � � � � � � ) m � � ¢ � � � � � � � 7 � m � � � � 	 � � � m

� ) � 	 � � 7 	 m � � 	 � m � ¢ �  	 5 � � � � � � ) � � m � � � � � 	 / � � � � 7 	 � - � � 	 � � � � � m � � ¢ � � � � � m � 	 � � 	 � � � � � m m � � � � 7 	 � � � � 	 � � � . r 7 � m
� m � 	 ) 	 � � 	  � � � ) � 	 � � m � w ^ ] > h h < > a � w ; .

u ¢ � � � - � 	 ¦ � � � � 	 � � � � � - � � � � 	 � � � � � ¢ m ¢ � � � � � m m ¢ � 	 m � � � � - � � � � � m � � ¢ � � � � m - � � 	 ) � � � 2 7 � � 7 � 7 	 � - � � � � � m � ¦
� ¢ � � � � m � � 	 � � � 	 ) � ¢ �  . � ) � 	 � s � 7 � m m - � � 	 � m 4 ¢ � � 	 � � � � 	 s � ¢ � � � m � 7 � m - � � - 	 � � � 	 m � 7 � � 7 	 � - � �  	 l � m 	 � � �  

� 	 � 7 � � 4 ¢ 	 m . Y � � m � � � � � 	 4 ¢ 	 � � 	 m s � 7 	 m - � � 	 � m 	 � - � � � � � / � � � m � 7 	 � � - ¢ � � 	 � � � � � � � ) � ¢ - � 	 m . ¤ � m � s � � 	 � � � 2 m � �
- � � � � � ¢ � � � - � � - 	 � � � 	 m � ) � 7 	 m - � � 	 . r 7 	 m � � � � � 	 �  	 � 7 � m � 	 	 � m � ¢  � 	  � 	 ) � � 	 � � � 7 � m � � � � 	 � � � ) � � 	 � - � � � � �
m � � ¢ � � � � m - � � 	 � m � 7 	 � w � a � w ; _ ] c > h ^ < ^ h � ; ] � . t � o 0 
 q s � 7 	 5 � m � � � � � � � � 7 � � � 5 �  � 7 	 � � � � � � � l 	 � � � � m R � �
m � � � � � 	 � ¢ - � 	 m W ) � � � � m 	 � � ) l 	 � � � � m R � � � 	 � � � � � � W 2 � m  	 l � m 	  . t � o 0 v q s � 7 	 � � � � � � � l 	 � � � � - � � � � 	 � � m �  ¦
 � 	 m m 	  � � � 7 	 � � � � 	 � � � ) � � � - ¢ � � � � � � � � � 	 � � 	 � � � . t � o 0 q s � 7 	 � 	 m � � � � � m 7 	  � 7 � � � 7 	 � l 	 � � � 	 � ¢ � � 	 � � ) m � � � � � 	

� ¢ - � 	 m s �? � � [ � m � R R � � � W � ! P W . " r 7 � m � m � � � ¢ m 	 ) ¢ � ) � � � � �  � � � � � � � 	 m � � � � � � � � s � 7 � ¢ � 7 s 2 7 � � 7 � m � ¢ � 	 �  	 � l � � . #
t � � 	 � 7 � � R � � � W � ! P � m 	 � � 	 	  � � � � � � � 	 � � 	 � � 7 � � � s 	 l 	 � ) � � � 	 � � � � l 	 � � m � � � � % � �  � � � � 	 � . t � � m � � ¢ 	 � 7 � �

R � � � W � ! P ) � � � � � 5 � 	  % � m � R � W s � ¢ � � 7 	 � , � � 2 7 � � 7 � 7 	 ) ¢ � � � � � � m � � � m m � m l 	 � � � � � � 	 . t � 2 � m � � � 	 m � � � � � m 7 	  
� � m � 2 7 	 � 7 	 � � R R � � � W � ! P W � m � � � � 7 � R y / z W � � � � � m 	 R y h z W � � ¢ �  . R � 	 m 7 � � �  	 � � � m � � � � 	 � � � m � � � m 	 . W

t � � 2 � � s � � � 	 � 	 m � 7 � m � 	 � ¢ � � 	  � � � 7 	 � � � � � � � l 	 � � � � - � � � � 	 � � 	 � 	 � � � � � � � 7 	 � ¢ � m 	 � ) m � � � � � 	 4 ¢ 	 � � 	 m .
z � 	 l � � ¢ m 2 � � � 2 � m � � � � ¦ � 	 � � � � � � m 	  s 7 � 2 	 l 	 � s � �  � � � 2 	 � � m ¢ � � 	  � �  � � � � � m 	 m . z � � � � 	 m m 7 � m � 	 	 �

� �  	 � m � ) � 	 � 	 � � � � 7 � 2 � � � � � - ¢ � 	 	 � � � 	 � � � � m ¢ � 7 4 ¢ 	 � � 	 m � � � � 	 � � � � � � � � m � m � 	 � � �  � l 	 � � � � � 	  � � � m 	 � m
o v s � s 0 0 s 0 � q . t � o v q s � 7 	 m � � � � � 	 � - 	 � � � � � � m � � � � �  ¢ � 	  . r 7 	 � - � m 	  � 2 � � � � � � � � 7 � m ) � � � � s � � � � � � ¦ � 	 m � 	  

� � � - m m � � � 	 � � � � � � � 7 � R � �  l � � � � � � � � m W � �  �  � l �  	 ¦ � �  ¦ � � � 4 ¢ 	 � � - - � � � � 7  	 � � l 	  ) � � � 2 � � � � � o 0 
 s 0 v q . t �
o 0 � q s � � � � � � � � � 7 � ) � � m � � � � � 	 	 l � � ¢ � � � � � � m � � � � �  ¢ � 	  � 7 � � ¢ m 	 m m - 	 � � � � � 	 	  � �  	 � � � � . t � o � q s 2 	  	 l 	 � � - �

� 	 � 	 � � � m � � � � � 	 � � � � � � � 7 � � � m 	  � � � 7 	 y � � � � � ¦ � 	 m � 	  � � � - m z � � � � � � � 7 � � ) o v q � 7 � � � m ) � m � 	 � s - � - 	 � � � � � � 	 s � �  
� � � 	 � � 	 � � � � 	 s 2 	 � 	 � � 	 l 	 s � � ¢ m 	 � � � � 	 � � � � � � � � 4 ¢ 	 � � � - � � � � 	 	 � .

� � 	 - m � 	 � � � � s 7 � 2 	 l 	 � s � 	 ) � � 	 � m � � � � � 	 � - 	 � � � � � � � � � 	 � 	 � � � m � � � � � � � � � � � � - � � � � 	  � � � � � �  � � U m � 	 � � � � � � � �
m � m � 	 � m . � 	 � 	 	  � � ¢ �  	 � m � � �  � 	 � � 	 � 7 � 2 � 7 	 m � � � � � 	 � - 	 � � � � � � � � - � m 	 m 2 � � 7 � 7 	 � � 7 	 � � 	 � � � � � � � � � - ¦
	 � � � � � m s � � � 7 � � � � � � � � � � �  � � � � � � � 7 � � � � � � � . r 7 	 4 ¢ 	 � � � - � � � � 	 	 � � ¢ m � � 	 � � � 	 � � � � � � � - � � � � 	 � 7 	 m � � � � � 	
� - 	 � � � � � 2 � � 7 � ¢ �  � � � � � � � � � m � l 	 � � � � 	 � 	 � � � l 	 � 	 m m s � m 2 	 � � � m � 	 � � � � � � 	 � � � - � � � � 	 	 4 ¢ 	 � � 	 m � 7 � � 	 � - � � �

� 7 	 ? A M B ; = J E D � � � ¢ m 	 . r 7 � m 2 � � � � 	 4 ¢ � � 	 � � � m � � �  	 � ) � � m � � � � � 	 4 ¢ 	 � � 	 m s � �  � � � � � � � � � � � � - � � 	 � � � ) � 7 	 � � m �
� �  	 � � ¢ m � � 	 � � 	 m � � � � � � � � ) � 7 	 � � �  � � � � � � � 	 m � ) m � � � � � 	 4 ¢ 	 � � 	 m U � 	 m ¢ � � m 	 � m .

¤ � 	 � � � 	  � � - � � � m � 	 � � 	 m � ¦ � 	 � � 7 � � � m m 	 � � � 7 . r 7 � m 7 � m � 	 	 � m � ¢  � 	  � � � 7 	 � � � � 	 � � � ) � 	 � � � � � � � � m � m � 	 � m � � �
o 0 � q . t � o 
 q s 	 � 	 � 	 � � m � ) � � � m � � �  	 � ) � � � 	 � � 	 m � ¦ � 	 � � 7 � � � m 	 � � � 7 	 m � � 	 � � � m �  	 � 	  s � ¢ � ) � � 7 � � 7 ¦  � � 	 � m � � � � �

� � m 	 m . t � o 0 0 q s � 7 	 � 	 � - � � � � 	 � � 	 m � ¦ � 	 � � 7 � � � m � � � � � � � 7 � m � � - � - 	 � � � 	 � 7 	 � 	 � 	 � � � � � � � ) m � � � � � 	 � ¢ - � 	 m .
t � � 	 � 	 m � � � m � � � � � 	 4 ¢ 	 � � 	 m � � � m 	 m � � � � m � - � � � ) � � � � 7 	  	 m � � 	 � � m ¢ - - � � � 4 ¢ 	 � � 	 m 2 � � 7 - � 	 ) 	 � 	 � � 	 m � �

� 	 � � � � � � � � m � m � 	 � m . t � o o q s � � � � 	 � 	 � 	 � � � � - 	 � � � � � � � � � 	  1 a x x h 1 � m � � � � �  ¢ � 	  ) � � � 7 	 - ¢ � - � m 	 � ) 	 � - � 	 m m � � �
- � 	 ) 	 � 	 � � 	 4 ¢ 	 � � 	 m . � � � � � � 	 � m � m - 	 � � � � � � m 	 � ) 2 � � � � 2 . � � � � � � 	 � �  � 	 � � � 	  � 	 � 7 � � 4 ¢ 	 m � � ¢ �  � � � 	 � � - � m m � � � 	
� � � � � 	 � � � � 	 	 � m � � � � 	 � � � � � c h h < ] ^ w > a _ ] 4 | ] ^ : w x \ 1 ] ^ a x 6 s 4 | ] ^ : ^ ] ; w � w > a h x s � �  < ^ ] g ] ^ ] x c ] 4 | ] ^ : � 	 � 7 � � 4 ¢ 	 m
2 7 � � 7 7 � l 	 � 	 	 � - � � - � m 	  o � s p s � q . 9

� � 7 	 � � 7 � � o 0 q s � 7 	 � 	 7 � m � � � � 	 	 � 	 � � � � � � 	 m � � � � � m 7 � 7 	 	 � - 	 � � 	  � � �  � � � � � � � � ) m � � � � � 	 R � � � � � � � � �
l 	 � � � � W m 	 � m s � � � ¢ � � � � 2 � 	  � 	 .

: ; � ~ � � � � ! � � � � � } � � � � � � � � � } � � � � � � � } � � } � � � � � � � � � � � � } � = � � � } � � � } � � � � ? � @ � � � � � � B } � � � � } � � ~ � � � � � � D � � � � ~ � � � � � � � � } � �
� } � ~ � = � � � � � � � � � � � � � � � ¥

G � � � � � � � � � � � � � � } � � } ~ � � � } � � � � � � � � � } � � � � = } � � � � � � � � � } � � � H B I ¥ � � � � � � � � � � � J � � � � L � N O � � ~ � � � � � � � � � � } � � � � � }
� � � � ~ � � � � } � � � � � � � � � � � � � � � � � P � � � � � � � � � � � � � � � � � Q � � � � � � � R ¥

T \ � � H U I � � ~ } � � � � � ~ � � ~ � � � � � � � � � � ~ } � � � � } � � = � ~ � � � ¥



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . o � ) 0 


� � � � �  & ' ( *

� � � � � � 	 � � �  � � � � � � � 	 m � � � � � � � � � m � 7 	 ) � � ¢ m � ) � 7 � m - � - 	 � . � 	 	 m � � � � � m 7 � 	 m ¢ � � m l � � � � � 7 � � � � � � � � � � � �  
	 � - 	 � � � 	 � � � � � 	 � � m . t � � 	 � � � � � 
 s 2 	 - � � l 	 � 7 � � � 7 	 	 � - 	 � � 	  m � � � � � 	 � � �  � � � � � � � � m / R R � � � W � ! P � R % � 0 W � W s � �
2 7 � � 7 � � m � 7 	 � ¢ � � 	 � � ) � ¢ - � 	 m � � � 7 	 � � - ¢ � � 	 � � � � � � � �  % � m � 7 	 � ¢ � � 	 � � ) m � � � � � 	 � � � � � � ¢ � 	 m s ¢ �  	 � � � � m � �
� �  	 � 2 � � 7 � m m ¢ � - � � � � m � ) m - � � m 	 � 	 m m � l 	 � � � � � � � ¢ � 	 m U  � � � � � m R � � � 	 � � � 7 � � � 7 	 � 	 � � 	 l � � � ¢ � � � � � �  ¢ - � � � � � 	
l � � ¢ 	 m W � �  m � � � � m � � � � � � �  	 - 	 �  	 � � 	 � � � � m m � � � � � � ¢ � 	 m . � 	 - � � l 	 � � � 	 m - 	 � � 5 � � � � � � 7 � � � 7 	 	 � - 	 � � 	  m � � � � � 	
� � �  � � � � � � � ) � � � 2 � ¦  � � 	 � m � � � � � m � � � � � 	 4 ¢ 	 � � 	 m � m � 7 	 7 � � � � � � � � ) � 7 	 � ¢ � � 	 � � ) � � - ¢ � � ¢ - � 	 m s � �  2 	 - � � l 	

� 7 	 	 � - 	 � � 	  � � �  � � � � � � � ) � � � ¢ � � � ¦  � � 	 � m � � � � � m � � � � � 	 4 ¢ 	 � � 	 m � m � 7 � � 7 	 � ¦ � �  	 � 7 � � � � � � � & R � - � � � � � ¢ � � � � 2 �
- � � � � 	 � 	 � 	 � � 	 � m � � � � ) � 7 	 7 � � � � � � � � ¢ � � 	 � m & 2 � � 7 � 	 m - 	 � � � � � 7 	 � ¢ � � 	 �  � � 	 � m � � � m R m � � � � � 	 � � � � � � ¢ � 	 m W
� �  � 7 	 � ¢ � � 	 � � ) � � - ¢ � � ¢ - � 	 m . r 7 � m � � � � 2 m ¢ m � �  	 � � l 	 � � � � � 	 � 	 m � 	 	 	 m � � � � � � � � m � 7 � � � � ¢ �  � 	 ¢ m 	  � � �
� � m � � �  	 � . � 	 � � � m �  	 � ) ¢ � � 7 	 � � 7 	  � m � � � � ¢ � � � � � ) � 7 	 l � � ¢ 	 � ) � 7 	 m � � � � � 	 � � �  � � � � � � � � � m 	 � ) s � �  m 7 � 2 � 7 	
 � m � � � � ¢ � � � � � m  	 � � l 	  � � 	 � - 	 � � � 	 � � . t � � 	 � � � � � v s 2 	 � � � m �  	 � � 7 	 � � � � 5 � � � � � � m � � � 7 	 	 m � � � � � 	 m s m � � 	
� � ¢ � � 	 � ¦ � � � ¢ � � � l 	 s � m 2 	 � 	 � � � � 7 	 � m m ¢ � - � � � � m � ) � 7 	 � � m � � � �  	 � . � 	 � � � m �  	 � � 7 	 	 � 	 � � m � ) � 7 	  � m � � � � ¢ � � � � m
� ) � 7 	 l � � ¢ 	 m � l 	 � � � � � � � ¢ � 	  � � � � � m s 2 7 	 � � � � � � � ¢ � 	 m � � 	 � 	 m � � � � � 	  � � m � � � � 5 � � � 	  � � � � � m s � �  - � � � ¦ 2 � m 	
� � � � 	 � � � � � � � ) � � � � � � ¢ � 	 m . t � � 	 � � � � � o s 2 	 � � � � � ¢  	 .

	 
 � 
 � � � � � � � � � � � � � � 


� � � � � * � � 1 ' �  � � * &

� 	 2 � � � � � 	 m � � � � � 	 � 7 	 � � �  � � � � � � � � ) � 7 	 � ¢ � - ¢ � � 	 � � � � � � � ) � 7 	 m � � � � � 	 � - 	 � � � � � � � m 	  ¢ - � � � � m � � - ¢ �
� 	 � � � � � � . r 7 	 � � - ¢ � � � � � 	 � � � m 	 � � � � 	 � ) � 7 	  � � � � � m 	 � � � l � � � ¢ � � � � � � 	 2 7 � � 7 � m � 7 	 � � � 	 � � 	  � � � 	 � 	 m ¢ � � � �
� 4 ¢ 	 � � U m 	 l � � ¢ � � � � � . t 	 � ¢ m 	 m � � � � � m 7 � � � m � � � �  	 � � ) � m m ¢ � - � � � � m � � � ¢ � � 7 	 � � - ¢ � � 	 � � � � � � ¢ �  	 � 2 7 � � 7 � �
2 � � � � 	 - � m m � � � 	 ) � � ¢ m � � 	 m � � � � � m 7 � � � � � � � � � � � � � 7 	 � � �  � � � � � � � .

j � " � � � � $ � % ' w \ a c � h i ] ; h g > ( ] a x < | > ^ ] ; w > a h x w x i \ 8 : ; a x ] 4 | ] ^ : *
t 	 � i a � ] x \ a h x � 	 ) 	 � � � � � � � � � � � ¢ � 	 � ) � 7 	 � 	 � � � � � � � 7 � � - � � � � � � - � � 	 m � � � 7 	 m � � � � � 	 � � � � 	 � � � .

R � W , h � w a x w \ \ | � < > a h x - \ < w ^ \ ] x ] \ \ / * Y � � 	 � � 7  � � 	 � m � � � s 2 	 � m m ¢ � 	 � 7 � � � 7 	 � 	 � � 	 � �  ¢ - � � � � � 	 l � � ¢ 	 m
� � � 7 	 � � � � � � ¢ � 	 � � � � m m � 7 	 � ¢ - � 	 m � ) � 7 	 � 	 � � � � � � .

R � W 1 x i ] < ] x i ] x c ] w \ \ | � < > a h x * r 7 	  � � 	 � m � � � m � � 	 - � � � ¦ 2 � m 	 m � � � � m � � � � � � � � �  	 - 	 �  	 � � .
� � � m �  	 � � m � � � � � 	 � - 	 � � � � � � 2 � � 7 %  � � 	 � m � � � m � l 	 � m ¢ � 7 � � � � - ¢ � � 	 � � � � � � � ) � � ¢ - � 	 m . R � � � 7 	 � 	 � � � � � �

7 � m � � � 	 � m � % � � � � � � ¢ � 	 m s 2 7 � � 7 � � 	 � � 7 	 � m m ¢ � - � � � � m � � � l 	 . W t 	 � ? � � [ � 	 � 7 	 � � �  � � l � � � � � � 	 2 7 � � 7 � 	 � m ¢ � 	 m
� 7 	 � ¢ � � 	 � � ) � ¢ - � 	 m R � 7 	 � � �  � � � � � � � W � ) � 7 	 � ¢ � - ¢ � � 	 � � � � � � R � 7 � � � m s � 7 	 m 	 � � ) � 7 	 � 	 m ¢ � � � � � m � � � � � 	 � ¢ - � 	 m W .
t 	 � �? � � [  	 � � � 	 � 7 	 	 � - 	 � � 	  l � � ¢ 	 � ) ? � � [ .

� � � 3 4 6 * �  * � 8 � / � ' ( � & '  %

� 	 � � 	 � � � 	 � 	 m � 	  � �  	 � 	 � � � � 	 �? � � [ . � � � � 	 ¢ �  	 � � ¢ � � � m � � � �  	 � s � � � 2 � � � - ¢ � � ¢ - � 	 m m 7 � � 	 � l � � ¢ 	 � l 	 � � � �
 � � 	 � m � � � s � 7 	 � ¢ - � 	 m � � � � 	 � �  	 � 	  � � � � � � � � � � � � � � l 	 �  � � 	 � m � � � . t � � m � � � � 	 � 	 m m � � � � 7 	 � � � � � � m �  	 �

� 7 	 � � � ¢ � � l � � ¢ 	 m � ) � 7 	 � ¢ - � 	 m . t � m � 	 �  s 2 	 � � � � � � � 	 - � ¢ � � � � � 	 - � � � 	 � 7 	 l � � ¢ 	 � � s m � � s  � � 	 � m � � � : � ) �
� ¢ - � 	 � � � � m ^ w x 8 � � � 7 	 � � � � � � �  	 � � � � � � � � �  � � 	 � m � � � : . � � � 7 � ¢ � � � m m � ) � 	 � 	 � � � � � � s 2 	 � m m ¢ � 	 � 7 � � 2 	 � � 	

� a x a � a � a x 6 � l 	 � � 7 	  � � 	 � m � � � m ) � � � 7 	 m � � � � � 	 . t 	 � � � � � 0 � 	 ) 	 � � � � 7 	 � ¢ - � 	 2 � � 7 � 7 	 m � � � � 	 m � l � � ¢ 	 R � �
� 7 � �  � � 	 � m � � � W s � �  � � 7 	 � � 	 2 � � 7 � 7 	 � � � � 	 m � R � � m � 7 	 � ¢ � � 	 � � ) � � - ¢ � � ¢ - � 	 m W . � 	 � � � � � 2 < ¢ m � � 	 ) 	 � � �
� � ¢ - � 	 U m � � � � � � �  � � 	 � m � � � � �  � � � � � 	 � 7 	 � � � ¢ � � l � � ¢ 	 .

> � ? ? � A o 0 q r 7 	 m � � � � � 	 	 � - 	 � � 	  l � � ¢ 	 �? � � [ ) � � % C 0 � �  � C � � � 	 � m � 7 	 ) � � � � 2 � � � � 	 � ¢ � � 	 � � 	 	 4 ¢ � � � � � .

�? � � [ E 0
�

�? � ! P � [ G �? � � [ ! P

Y � � � C � s �? P � [ E 0 .

J � $ $ M � � � m �  	 � �? P � [ . � � � � 	 � � � 2 � � ¢ - � 	 m m 7 � � 	 � 7 	 m � � 	 l � � ¢ 	 � � � 7 	  � � 	 � m � � � s � � � � � 7 	 � ¢ - � 	 2 � � 7 � � � �
0 � m � � � 7 	 m � � � � � 	 .



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . � � ) 0 


� � � m �  	 � �? � � [ s ) � � % C 0 . � � 	 � ¢ - � 	 7 � m � � � � � � �  � � 	 � m � � � 0 . r 7 � m � ¢ - � 	 � � � � � �  � � � � � � 	 � � � � � 7 	 �
� ¢ - � 	 s m � � � 	 � � 7 � m � 7 � � 7 	 � l � � ¢ 	 � �  � � 	 � m � � � 0 � 7 � � � � � � � 7 	 � . � 7 � � � m � 7 	 - � � � � � � � � � � � 7 � � � 7 � m � ¢ - � 	
� � m 	 � ) � m � m � � � � � 	 � ¢ - � 	 � t � � m � 7 	 - � � � � � � � � � � � 7 � � � � � � 7 	 � � ¢ - � 	  � � � � � � 	 m � � � �  � � 	 � m � � � m 
 � F F F � % s � � l 	 �

� 7 	 � �  	 - 	 �  	 � � 	 � m m ¢ � - � � � � . ¤ m �? � ! P � [ � m � 7 	 	 � - 	 � � 	  l � � ¢ 	 � ) � 7 	 � ¢ � � 	 � � ) m � � � � � 	 � ¢ - � 	 m � ¢ � � ) � � ¢ - � 	 m
� � % � 0  � � 	 � m � � � m s � 7 	 � P

[ �? � ! P � [ � 	 - � 	 m 	 � � m � 7 	 - � � � � � � � � � � � 7 � � � 7 � m � � 	 � ¢ - � 	 � m - � � � � ) � 7 	 m � � � � � 	 .
� � � � 	 � 7 	 � ¦ > ( � � � � 	  � ¢ - � 	 � �  � � 	 � m � � � 0 � � � � � �  � � � � � � 	 � � � � � 7 	 � � ¢ - � 	 s � 7 	 	 m � � � � � 	  � ¢ � � 	 � � )

m � � � � � 	 � ¢ - � 	 m � ) � 7 	 � 	 � � � � � � � � � 0 � m �? � � [ ! P . �
r 7 	 � 	 � ¢ � � 	 � � 	 ) � � �? � � [ � m � 	 � � � 	  2 � � 7 7 � � � � � � � � ¢ � � 	 � m .

j � " � � � � $ � � � w ^ � h x a c x | � � ] ^ \ *
R � W r 7 	 ( w ^ � h x a c h g � s ) � � � � � 	 � 	 � m � C � / 
 [ E

[� 
 � P

0
:

R � W r 7 	 � � > ( h ^ i ] ^ ( w ^ � h x a c h g � s ) � � � � � 	 � 	 � m � C � � �  � � � 	 � 	 � m � C � / 
 � � [ E
[� 
 � P


 � ! P �



:� 	 5 � 	 
 , � [ E 0 s ) � � � C � . � 	 5 � 	 
 � � , E � s ) � � � C � .
R � W r 7 	 � � > ( ( : < ] ^ � ( w ^ � h x a c h g � s ) � � � � � 	 � 	 � m � C � � �  � � � 	 � 	 � m � C � / � � � [ E

[� 
 � P

0
: �

t � � 	 � 7 � � � � �� � � � � � [ � � � l 	 � � 	 m s ) � � � � � � C 0 . t 	 � � � � �  	 � � � 	 � � �� � � � � � [ .
t � � 	 � 7 � � 
 [ E 
 P � [ E � P � [ s ) � � � � � � C � .

r 7 	 7 � � � � � � � m 	 � � 	 m � � � 	 5 � � � � � � v R � W � m 2 	 � � � � � 2 � . r 7 	 � 	 � m � � � � � m 	 � m ¢ m � � � � 2 � ¦ - � � � � 	 � 	 � � 	 � 	 � ¦
� � � 	 � � � � � � ) � 7 	 7 � � � � � � � m 	 � � 	 m . ¤ � � � � � � 	 � � 	 � m � � � � m � 7 � � � ) � 	 5 � � � � � � v R � W . r 7 	 m 	 � � 	 � 	 m m � � - � � � � � �

) � � � ¢ � 2 � � � 7 	 � 	 s � �  2 	 � � � � � 7 	 m 	 � 7 	 7 � - 	 � ¦ 7 � � � � � � � m . r 7 	 � � � [ � � � l 	 � � 	 ) � � � C 0 . r 7 	 � 	 � m � m 	 � � �  
� 2 � ¦ - � � � � 	 � 	 � � 	 � 	 � � � � 	 � � � � � � m � � l 	 � � � � 	 5 � � � � � � v R � W . r 7 � m 2 � m � � � � �  ¢ � 	  � � o 0 o s 0 � q � � 2 � � � � � � 7 	
� � � � � � � 7 � � � � � � � � � � � ) � � � ¢ � � . � 7 � � 	 � 7 � m � 	 � 	 � � � � 	 � � � � � � m � � � � � � � � � s � � � m � � � � ¢ � � � 	 � � 	 � m � � � � ) � 7 	
7 � � � � � � � m 	 � � 	 m s � �  � � � m ¢ m 	 ) ¢ � ) � � ¢ m . # r 7 	 
 � � [  � � � � � � � l 	 � � 	 ) � � � C 0 . t 	 � ¢ m 	 � ¢ � 	 � � � 	 m � � 	 � ) � 7 	
- � � - 	 � � � 	 m � ) � 7 	 m 	 .

> � ? ? � $ � ^ h < ] ^ > a ] \ h g ( w ^ � h x a c x | � � ] ^ \ * t 	 � � � �  � � 	 - � m � � � l 	 � � � 	 � 	 � m .
R � W o 0 � q 
 [ FE � � � G & G 0


 �
� �  � � �[ � � 
 [ � � � � � & E �

R � W o 0 � q 
 � � [ ) � s ) � � � � � � C � � �  � C � s � �  � � �� � � 
 � � [ E �

R � W 
 � � [ � � � � � � � � � � � � � � � � � 	 � m 	 m 2 � � 7 � 	 m - 	 � � � � � � �  2 � � 7 � 	 m - 	 � � � � � .
R  W o 0 � q 
 � � [ E 0

�

 � ! P � [ G 
 � � [ ! P- 	 � � � � 
 , � [ E 0 � �  
 � � , E � . R r 7 ¢ m s 
 P � [ E 
 [ . W

R 	 W o 0 � q 
 � � [ E
[� 
 � P

1 �
: 2 R � 0 W



! P : ! �

t � � 	 � 7 � � & � m � 7 	 k ¢ � 	 � ¦ u � m � 7 	 � � � � � � � m � � � � s & FE F � p p .

t � � m - � m m � � � 	 � � � 	  � � � 	 � � � � � 	 � � � 	 �? � � [ � �  
 � � [ .

3 4 � $ � � ? 5 �? � � [ E 
 � ! P � [ .

¤ � � - � � � � � ¢ � � � 
 � � [ � � � � 	 m � � l 	  � � � 	 � � m � ) � 8 � [ U m R 0 : ; : � W . r 7 	 
 [ � �  � � � [ � � 	 	 � m � � � � � � - ¢ � 	 s
� � � - - � � � � � � � 	 s � �  m � � � ¢ �  � 	 ¢ m 	  2 � � 7 � � � � � m � � �  	 � � � ¦ � 7 	 ¦ s � . R - 	 � � � � � 7 � � 
 [ E � P � [ . W Y � � � � m � � � � 	 s
2 	 � � �  	 � � l 	 � 7 � �? 
 " � [ E P

"

 "[ G P

"
� " � [ s? 
 # � [ E P@ 
 #[ G P

"

 [ � " � [ G P

#
� # � [ s � �  ? 
 9 � [ E P

" 9

 9 [ G P

#

 [ � # � [ G PB � "

" � [ G P
9


 "[ � " � [ G P
9

� 9 � [ .
C � � } � � � � D � � � � � � � � } � � � � ~ } � � F } � � � � � � � � � H I K L D � } � � � } ~ � � � H B M I � � � \ � � � � � � B ¥ O ¥ P � ¥



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . � � ) 0 


A
B

0 2 4 6 8 10 12 14 16 18 20
#dimensions 10

100
1000

10000
100000

1e+06
1e+07

1e+08
1e+09

#tuples

0.01
1

100
10000
1e+06
1e+08
1e+10

#skyline

Y � � ¢ � 	 v / z � � � � ) �? � � [ R ¤ W � �  
 � ! P
[ � R % � 0 W � R � W .

r 7 � m � � � � 	 � 	 � 	 � � � � 	 	  � m ) � � � � 2 m .

3 4 � $ � � ? � 
 � � [ E �
� � � � � � � � � 	 , �

P 
 � � � " 
 � � � � � � � � 
 � � � �
�

�
 � P

� � �



� [
: � � � �



� ) � � � � 0 � �  � � 0 s 2 � � 7 � 7 	 �



U m � m � � � 	 � 	 � m .

Y � � � � � � s � 7 	 � � 	 � � � 	 � � m � ) � 7 	 � 	 � � m � � � 7 	 m ¢ � � � � � � � m ¢ � � � � � 	 . r 7 	 � ¢ � � 	 � � ) � 	 � � m � � 	 � - � 	 m m 
 � � [
� � � 	 � � m � ) � 8 � [ U m � m � R � W s � 7 	 � ¢ � � 	 � � ) 2 � � m � � - � � � � � � � � � 7 	 - � m � � � l 	 � � � 	 � 	 � � � m � m ¢ � � ) - � m � � � l 	 � � � 	 � 	 � m .
� � � � 	 � R � W � � � 2 m 4 ¢ � � � � � & ) � � � � m � � � � 	 s � R 0 � W E o 
 � �  � R 
 � W E � 
 p & � � � m � � � � l � � � � 	 � � m � � l 	 ) � � 
 � � [ U m � �

� 7 � m 2 � � .
� 	 � � � m � ¢  � - � � - 	 � � � 	 m � ) 
 � � [ � � 	 m � � � � � m 7 � � ¢ �  m � � m � � � � � 	 � � �  � � � � � � � 	 m � � � � � � � � . @

3 4 � $ � � ? " ' h | x i \ h x 
 � � [ $ w x i ( ] x c ] $ �? � � [ *
R � W 
 �

[ � � � ) 
 � � [ ) � � � R 
 �
[ � � W

R � W 
 � ! P
[

� R % � 0 W � ) �? � � [ ) � � � R 
 � ! P
[ � � W

R � W 
 � � [ � m / R R � � � W � � � � W
R  W �? � � [ � m / R R � � � W � ! P � R % � 0 W � W

r 7 � m � � - � � l 	 m � � � 7 	 � m � � - � � � � � � � ¢ �  	 m � � � � � m 7 	  � � o 0 q . � 7 � � 	 �? � � [ � m / R R � � � W � ! P � R % � 0 W � W s ) � � � � � � 	 �
% U m s � � � 	 4 ¢ � � 	 m l 	 � � � � � � 	 � U m � 	 ) � � 	 �? � � [ � � � l 	 � � 	 m � � � m 	 � � � � 
 � ! P

[ � R % � 0 W � . Y � � % E v � �  � E 0 � & s
 " P , ( � 
 FE 0 v � F v p � �  �? # � P , ( E 
 " � P , ( FE 0 o � F 0 � s 2 7 	 � 	 � m s ) � � % E 0 � � �  � E 0 � & s 
 * P , ( � � � FE 
 p p � p � � � �  
�? P , � P , ( E 
 * � P , ( FE v � p � � � o . t � � 	 � 	 m � � � � � � s 2 7 � � 	 
 �

[ � � � � m � � � � � � � � � � � � � � � � � 	 � m � � � 2 � � 7 � 	 m - 	 � � � � � s � � � m
� � � 2 � � 7 � 	 m - 	 � � � � � . � � 
 � ! P

[ � R % � 0 W � � m � � � � � � �  � � � � � 	 � 	 	 m � � � � � 	 R � ¢ � � � � � � � 	 ¢ m 	  2 7 	 � � � � 	 � � 	 �
	 m � � � � � 	 � m � l � � � � � � 	 W .

� ) � � ¢ � m 	 s � 7 	 
 � � [ � � � � 	 � ¢ � 	 � � � � � � � � - - � � � � � � � 	  � � ¦ � � � 	 s � �  � 7 	 � � � � � � ¦ ¢ - � � � � 	 ¢ m 	  � � � ¢ � ¦ � � � 	 .
� 	 � � � - ¢ � 	  
 � ! P � [ ) � � % E 
 � F F F � 
 � � �  � E 0 � � F F F � 0 � & � � ) � � � � � m � ) � 	 � . & Y � � ¢ � 	 v - � � � m � 7 � m s � � � � � 2 � � 7
 � ! P

[ � R % � 0 W � . ¤ m 2 � � 7 � � � � � � � 7 � m s � � � 	 � - � � � � � � � � � � � 	 m � ) 	 � � ¢ m 	  � � 	 m � � � � � 	 l � � ¢ 	 m � 7 � � � � 	 � � � � � � 7 	
� � � � ¦ ¢ - � � � � 	 .

� � � " $ % & ' ( * , ' 1  / ' � �  ' � (

� 	 7 � l 	 m � � l 	  ) � � � 7 	 	 � - 	 � � 	  l � � ¢ 	 � ) m � � � � � 	 � � �  � � � � � � � s �? � � [ R 2 � � 7 � 	 m - 	 � � � � � � m � � � �  	 � � � � 	 5 � � � � � �
0 W s � ¢ � 2 	  � � � � � � � 2 � 7 	  � m � � � � ¢ � � � � � ) � 7 	 � � �  � � l � � � � � � 	 ? � � [ . t ) � � m l � � � � � � 	 2 	 � 	 7 ¢ � 	 s ) � � � � m � � � � 	 s

. / � ~ � � � } � � � � } � � � � � � � � � � � � � � � } � � � � � ~ � � ~ � � � � } ~ � � P � � � � � � � } � � � � } � � � � � � � ~ � � � � } ~ � � } ~ } � � � � ~ � ¥
1 / � � � � � � � } � � � } ~ � � � } � � � � � � � ~ 2 � = } � � } � � � � � � } � � � ~ � � � � � � D = � � � } � � ~ � P � � } � � � � � � � � � ¥



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . p � ) 0 


0

0.005

0.01

0.015

0.02

0.025

40 60 80 100 120 140 160 180

pr
ob

ab
ili

ty

#skyline

� } � ? � � � ~ � � � � � � � � � ? # � P , � ¥

0

0.0005

0.001

0.0015

0.002

0.0025

0.003

1000 1200 1400 1600 1800 2000 2200 2400 2600

pr
ob

ab
ili

ty

#skyline

� � � ? � � � ~ � � � � � � � � � ? # � P , � ¥

0

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

8000 10000 12000 14000 16000 18000

pr
ob

ab
ili

ty

#skyline

� � � ? � � � ~ � � � � � � � � � ? & � P , � ¥


 � ! P � P , � m � � ¢ � � � � � �
% �? � � P , � � � 	  � � � �

v 0 � o 0 � o 0 � o 0 p . v
� 0 s � � � 0 s � p � 0 s � � 
 0 � � . �
p 0 o s � � p 0 o s � � p 0 o s 0 
 � p o � . �

� � � ¤ � } � � ! � � � � } � � ! } � � � � } � � } ~ � � � � � } � � � � � ¥

Y � � ¢ � 	 o / � � m � � � � ¢ � � � � m � ) ? � � P , � R ) � � % E v s � s � �  p W .

� ¢ � ¢ m 	 � ) �? � � [ � � � � � m � � �  	 � 2 � ¢ �  � 	 � ) � � � � � 	  ¢ � � � � � � . t � � m � � m � - � m m � � � 	 ) � � � 7 	 � 	  � � � � � � 	 � 	 m m � 7 � � � 7 	
� 	 � � s 2 � � 7 � � � � � � � � � � � 2 � �  m � . � 	 � � 	 � 	 � � � � � � � 	 � 	 m � 	  � � � � � 	 � � l � � ¢ 	 m � 7 	 � - � � � � 	 	 � 2 � � � 	 � � � ¢ � � 	 � s � � � � 7 	

] � < ] c > ] i _ w ; | ] s - 	 � m 	 s 2 7 � � 7 � � m 	 � ) � m � l � � ¢ 	 � � � 7 � � 	 l 	 � � � � ¢ � . t � � � � m � � �  	 � s � � � m � � - � � � � � � � � � � � � � � - � � 	
� 7 	 � 7 � � � 	 � ) � 	 � � � m � � � � 5 � � � � � � � � � 7 	 	 m � � � � � � � � s � �  	 m - 	 � � � � � � 2 7 	 � � 7 	 � � � ¢ � � � � �  � � � � � � � � m 	 � � 	 	  � � � � �
� � � � 	 � � � � � - � � � m � � 2 � � 7 � 7 	 	 m � � � � � 	 . r 7 	 4 ¢ 	 � � - � � � � � � � 	 � �  	 � � � � � � � � �  � � 	 � � � � � � � 	 � � � 	 m s � �
l � � � � � �  	 � � 	 	 m .

t � � m - � m m � � � 	 � � � � ) 	 � m � � 	 - � � - 	 � � � 	 m � ) � 7 	  � m � � � � ¢ � � � � < ¢ m � � � l 	 � 2 7 � � 2 	 � � � 2 � ) �? � � [ . r 7 	  � � � � �
� ) ? � � [ � m 0 F F F � s � ) � � ¢ � m 	 . Y � � % � �  � � � � � � � � � � � � m � 7 � � � � 	 � � � 	 � � � � m � � � � � 	 4 ¢ 	 � � 	 m � � - � � � � � � 	 s �? � � [ � m
� � � m 	 � � � 7 	 0 ¦ 	 �  � ) � 7 	 m - 	 � � � ¢ � . R � 	 	 Y � � ¢ � 	 o R  W . W r 7 � m m � � � � m � � � � � � � � � � � � m 7 � 2 � � � � 	 � 7 	 l � � � � � � 	 � � �
� 	 . R r 7 	 � 	 � � � � � � � 	 � ¢ � 7 - � � � � � � � � � � � 7 � � ? � � [ � m � 	 � � � s m � � � 	 � 7 � m 2 � ¢ �  m 	 � l 	 � � � � s � � 	 �? � � [ . W

t � 2 � ¢ �  � 	 � � � 	 � 	 m � � � � & � ¢ � � � � < � � ¢ �  	 � � � � � � � & � �  	 l 	 � � - � � � �  m � � � � m � � � � � ¢ �  	 � m � � �  � � � � ) � 7 	
 � m � � � � ¢ � � � � � ) ? � � [ . t � � 7 	 � 	 � � � � � 	 s 2 	 � � � m � ¢  � 	 � - 	 � � � 	 � � � � � � � 7 	  � m � � � � ¢ � � � � . Y � � 	 � � 7  � � 	 � m � � � R % W

� ) v s � s � �  p s 2 	 � � � � ¢ � 	 � � � � � y m � � ¢ � � � � � � m z � m ) � � � � 2 m . Y � � 	 � � 7 > ^ a w ; s 2 	 � 	 � 	 � � � 	  � � 	 � � � � � � � � ¢ - � 	 m
� ) % � � � � � � ¢ � 	 m � � �  � � � � . k � � 7 � � � � � � ¢ � 	 2 � m � ) � � - 	 � � � 	 � 	 � � �  � � m l � � ¢ 	 2 � m � � �  � � � � � 7 � m 	 � � � � � m m � � �
l � � ¢ 	 m . B r 7 	 � ¢ � � 	 � � ) m � � � � � 	 � ¢ - � 	 m R � � � � � � 	 � � � � l 	 � � 7 	 % l � � ¢ 	 m W 2 � m � 7 	 �  	 � 	 � � � � 	  . ¤ m � � ¢ � � � � � �

� 7 	 � � � � m � m � 	  � ) 0 � � � � � � � � � � m . Y � � ¢ � 	 m o R � W s R � W s � �  R � W m 7 � 2 � 7 	  � m � � � � ¢ � � � � m � ) � 7 	 0 � � � � � � � � � � m ) � �
? � � P , � ) � � % E v s � s � �  p s � 	 m - 	 � � � l 	 � � . r 7 	  � � � - � � � � m 2 	 � 	 � � � � 	  � � � � � � � ¢ � m � � � � � � � m � � 	 � � 7 � � m 	 � �
� - - � � � � � � � 	 � 7 	  � m � � � � ¢ � � � � l � � � 7 � m � � � � � � . � 	 � � � � � � � 	 	 � 7 	 � ¦ � � � m � � - � � � � � � � � � � m � � 7 	 � � 	 � � � l 	 � 	  � �

� 7 	 7 � m � � � � � � � m � � 	 . t � 	 � � 7 � � m 	 s � 7 	 	 � � � � ¦ � � � � 	 - � 	 m 	 � � m � 7 	 � 	 � � � �  m - � � m � � 	 m � � �  � �   	 l � � � � � � � �
� � � � � } � � � � ~ } � � � � � � ~ B ! � � � ! O ! B 
 � ! 
 U 
 ! � 
 � ¥



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . � � ) 0 


� 7 	 � 	 � ) � �  � � � 7 	 � � � 7 � � ) � 7 	 � 	 � � . r 7 	 m ¢ - 	 � ¦ � � - � m 	  � ¢ � l 	 � m � � 	 	 � 	 � 5 � � ) � 7 	  � � � . r 7 	  � m � � � � ¢ � � � � m
� ) ? � � [ � � 	 2 	 � � � 	 7 � l 	  � �  � 	 m 	 � � � 	 � � � � � � R ' � ¢ m m � � � W  � m � � � � ¢ � � � � m . r 7 � � � 7 	 � 	  � � � m � � 	 m � � 	 � � � 7 	
� 	 � � m � � � 7 	 m � � ¢ � � � � � � m � � 	 � m 	 l �  	 � � 	 � 7 � � � 7 	 � � ¢ 	  � m � � � � ¢ � � � � m 7 � l 	 � � � � � 	 � ) � � m � 	 2 .

� � � � � � � � � � � � � � � 
 � � 
 � � � � � � � 
 � � �

t 	 � � s 2 	 	 � - � � � 	 � 7 	 	 � 	 � � m � ) � 	 � � � � � � � 7 	 � m m ¢ � - � � � � m � ) � ¢ � � � m � � � �  	 � ) � � � � 	 5 � � � � � � 0 .

� � � , � � � ' ( , ' 1  / ' � �  ' � ( 1

t � � 7 	 � � m � � � �  	 � s 2 	 � � � 	 � � � m m ¢ � - � � � � � � � ¢ � � � � � � � ¢ � 	 m U  � m � � � � ¢ � � � � m s � 	 � � �  � 7 	 � m m ¢ � - � � � � � ) m - � � m 	 ¦
� 	 m m R � 7 � � � 7 	 � 	 � � 	 s l � � � ¢ � � � � s � � � ¢ - � 	 m � 7 � � m 7 � � 	 � l � � ¢ 	 � � � � � � � � � � ¢ � 	 W . - 	 � � � � � � � � s � 7 	  � m � � � � ¢ � � � � m � � 	
� � � � � 	 � � � � . r 7 	 m � � � � � 	 � - 	 � � � � � � � � - � � 	 m � ¢ - � 	 m � � 2 � � m � � � 7 	 m � � 	 � � � � � � ¢ � 	 R ) � � 	 � � 7 m � � � � � 	 � � � � � � ¢ � 	 W s
m � � 7 	 � 2 � l � � ¢ 	 m � 	 � � � � � � - � � 	  � � � � � � � l 	 � - � � � � � � 	  � � 2 � ) � � � � 7 	 m � � 	  � m � � � � ¢ � � � � . i �  	 � m - � � m 	 � 	 m m s

� 7 	 � 	 � � 	 � � � � 	 m � � � 	 � � � 7 	 � � 7 	 � � ¢ - � 	 � � ¢ � - m � � � � � � � � � � � ¢ � 	 � � � - � � � m � � 2 � � 7 	 4 ¢ � � - � � � � � � � � � � .
r 7 	 m � � � � � 	 � m � � � � � � 	 � � �  	 - 	 �  	 � � � ) � 7 	 � � � � � � ¢ � 	 m U  � m � � � � ¢ � � � � m 2 7 	 � � 7 	 m - � � m 	 � 	 m m � � �  � � � � �  � 	 m

� � � 7 � �  s � 7 ¢ m � � � � 2 � � � � ¢ - � 	 m � � � � 	 � � l � � ¢ 	 m . � 	 � � � m �  	 � � 	 � � � � � � � 7 	 m - � � m 	 � 	 m m � � �  � � � � � � 	 � � .

� � � " 6 � / 1 * ( * 1 1 � * / 1 � 1 � * 6 * �  * � � � & � * 1

u � � � � � � � � � ¢ � 	  � � � � � m � � 	 m � � � � . Y � � � � m � � � � 	 s � ' h h ; ] w x � � - 	 � � � � � � � � 2 m � 7 	 l � � ¢ 	 m > ^ | ] � �  g w ; \ ] .
Y ¢ � � 7 	 � � � � 	 s 2 	 � � 	 � 	 � � � � � � � 	 � 	 m � 	  � � � 7 	 ^ w x 6 ] � ) l � � ¢ 	 m � 7 � � � � � ¢ � � l 	 � � � � � � � � � ¢ � 	 s � � � 7 	 � � 7 � � � 7 	
 � � � � � s - 	 � m 	 . Y � � � � � l 	 �  � m � � � � ¢ � � � � � ) � ¢ - � 	 m s � 7 	 l � � ¢ 	 m � � � � � ¢ m � 	 � � � < ¢ m � � ) 	 2 � ) � 7 	 - � m m � � � 	

l � � ¢ 	 m . � 7 	 � 2 	 � 	 � � � � 7 	 m - � � m 	 � 	 m m � m m ¢ � - � � � � ) � � � � 	 5 � � � � � � 0 s � � � � � � 2 m ) � � � ¢ - � 	 m � � m 7 � � 	 l � � ¢ 	 m .
Y ¢ � � 7 	 � � � � 	 s � � � � � � 2 m ) � �  ¢ - � � � � � 	 � ¢ - � 	 m R � � � 	 � m � 2 � � 7 � 	 m - 	 � � � � � 7 	 m � � � � � 	 � � � � � � ¢ � 	 m W . � � � � 	 � � m � � 	 � �
 � � � � m � � � 	 � 7 � m s 2 	 � � 	 � � � 	 � 	 m � 	  � � 7 � 2 � 7 � m � � 	 � � m � 7 	 � ¢ � � 	 � � ) m � � � � � 	 � ¢ - � 	 m .

j � " � � � � $ � � t 	 � ? � � � �  � [  	 � � � 	 � 7 	 � � �  � � l � � � � � � 	 � 7 � � � 	 � m ¢ � 	 m � 7 	 � ¢ � � 	 � � ) m � � � � � 	 � ¢ - � 	 m ) � � � �
� 	 � � � � � � � ) � � ¢ - � 	 m s 2 � � 7 � 	 m - 	 � � � � � � 2 � ¦  � � 	 � m � � � � � m � � � � � 	 4 ¢ 	 � � . k � � 7 � ) � 7 	 m � � � � � 	 � � � � � � ¢ � 	 m � � � � 	 � l 	 �

! l � � ¢ 	 m s � 7 	 � ¢ - � 	 m U l � � ¢ 	 m � � 	 ¢ � � ) � � � � � � �  � m � � � � ¢ � 	  � l 	 � � 7 	 � s � �  � 7 	 m � � � � � 	 � � � � � � ¢ � 	 m � � 	 - � � � ¦ 2 � m 	
m � � � � m � � � � � � � � �  	 - 	 �  	 � � .

t 	 � ? � � "  � [ � � � 	 � 	 � 	 � � � � �  	 � � � 	 � 7 	 � ¢ � � 	 � � ) m � � � � � 	 � ¢ - � 	 m 2 � � 7 � 	 m - 	 � � � � � % ¦  � � 	 � m � � � � � m � � � � � 	
4 ¢ 	 � � ¢ �  	 � � 7 	 m � � 	 � � �  � � � � � m . t 	 � �? � � "  � [  	 � � � 	 � 7 	 	 � - 	 � � 	  l � � ¢ 	 .

t � � m m � � � � � 7 � ) � � 2 � �  � � 	 m � � � � � m 7 �? � � "  � [ U m � 	 7 � l � � � � � � 7 	 � � � � � s ) � � % s ! s � �  � .

3 4 � $ � � ? & ' h | x i \ h x ? � � "  � [ w x i �? � � "  � [ *
R � W 0 : ? � � "  � [ : �

R � W � � �� � � �? � � "  � [ E �

R � W � � �� � � �? � � "  � [ E �? � � [

R  W � � �[ � � �? � � "  � [
�

E 0
! �

� 	 � � 	 � � � 	 m - 	 � � 5 � � � � � � � � 	 � 	 m � 	  � � 7 � 2 �? � � "  � [ � 	 � � � 	 m � � �? � � [ . � � 	 m l � � ¢ 	 � 	 - 	 � � � � � � R � � � ¦ m - � � m 	 � 	 m m W
� � � � 	 � m 	 � 7 	 � ¢ � � 	 � � ) 	 � - 	 � � 	  m � � � � � 	 � ¢ - � 	 m s � �  	 � � 	 � m 	 � � �

� � 	 2 � � � � l � 	 2 � 7 � m � m � � � � � m �  	 � � � 	 � � � � � � � 7 � � m � � � � m � m m - � � m 	 s � ¢ � 2 	 � a x s � � < w ^ > a > a h x s � 7 	 � ¢ - � 	 U m
l � � ¢ 	 m ) � � 	 � � 7 � � � � � � ¢ � 	 � � � � < ¢ m � � ) 	 2 � � � m R l � � ¢ 	 m W . � � � 7 	 � ¢ - � 	 m � � � 7 	 � � � � � � � � 	 � � � � � � m 7 � � 	 � � l � � ¢ 	 m s
� ¢ � � ) � 	 � � a x x a x 6 s � 7 	 �  � . ¤ � m � s � ) � 	 � � � � � � � � s � 7 	 � 	 � � � � 	  ¢ - � � � � � 	 � ¢ - � 	 m . Y � � ¢ � 	 � m 7 � 2 m � 2 � 	 � 	 � � m

� 7 � � � � � ¢ � . t � m � � 	 � � m 	 m s � - � � � � ) � ¢ - � 	 m � 7 � � 2 	 � 	 � � � � � - � � � � � 	 � 	 ) � � 	 � � � � 	 � � � - � � � � � 	 � ) � 	 � � � � � � � � .
Y � � ¢ � 	 � R � W m 7 � 2 m � 7 � m . r ¢ - � 	 m ( � �  * 2 	 � 	 � � � � � - � � � � � 	 � 	 ) � � 	 . R r 7 	 � � � � 7 � � � 7 � � 	 m � � � � � 	 . W � ¢ � � ) � 	 � s
( � � ¢ � - m * . R � � � � � � ( � � ¢ �  � 	 � � � 7 	 m � � � � � 	 � ) � 7 	 � � � � 	  � 	 � � � � � � . W t � � m - � m m � � � 	 � � � � m 	 m � � � � � 	 � ¢ - � 	 m

� � � 7 � m 	 � 	 � � . t � � � 7 	 � � � m 	 m s � � � � 7 	 m � � � � � 	 � � � � � � ¢ � 	 l � � ¢ 	 m � ) � 7 	 � 2 � � ¢ - � 	 m � 	 � � � 	 � 7 	 m � � 	 . Y � � ¢ � 	 � R � W
m 7 � 2 m � 7 � m . t � � m - � m m � � � 	 � � � � � � m � � � � � 	 � ¢ - � 	 m R  ¢ 	 � �  ¢ - � � � � � 	 m W � � � 7 � m 	 � 	 � � .



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . � � ) 0 


A B A & B

d1 d2 d3 d1 d2 d3

� } � � � } � ~ � � � � � � � � � � � � � � � � � � } ~ } � � � ¥

d1 d2 d3 d1 d2 d3

A B A & B

� � � � � } � ~ � � � � � � � � � � � � � � � � � � � � � } � ¥

Y � � ¢ � 	 � / � � � � � � � 	 � 	 � � m .

1

2

� } � � = � � � � � � = � � � � � ~ � � � } � � ¥ �? " � " E v � 
 ¥

2 1 1 1

1 2 2 1

1 2 2 1

21 1 1

� � � � = � � � � � � = � � � ~ � � � } � � ¥ �? " � " � " E 0 0 � � ¥

Y � � ¢ � 	 � / � 7 � � m 	 � 2 � 	  � 	 m .

r 7 	 - � � � � � � � � � � � ) l � � ¢ 	 m 7 � � � � � � � � ¢ � � � � � s � m � � Y � � ¢ � 	 � R � W s � m � ¢ � 7 � � 	 � � 	 � � 	 � 	 � � � � � � 7 � � � 7 � � � ) � 7 	
� ¢ - � 	 m � 	 � � � � � � �  	 � � � � � � s � m � � � R � W . * r 7 � � � m s � 7 	 � 	 � m � 7 � � 7 	 � - � � � � � � � � � � � 7 � � � ¢ - � 	 m 2 � � � m 7 � � 	 l � � ¢ 	 m � �

m � � 	  � � 	 � m � � � m s � ¢ � � � � � � � � � . r 7 � m � � - � � � � 	 � m 	 m 2 � � 7 � 7 	 � ¢ � � 	 � � )  � � 	 � m � � � m . � � 2 	 2 � ¢ �  	 � - 	 � �
� 7 	 5 � m � 	 � 	 � � � �  � � � � � � 	 � 7 	 m 	 � � �  s � �  ) � � � 7 	 � ¢ � � 	 � � ) m � � � � � 	 � � � �  � 2 �  ¢ 	 � � � � � � � � � .

r 7 	 � 	 � m � 7 	 � � m 	 2 7 	 � � 7 	 � 	 � � 	 � � � � � � � 	 � ¢ - � 	 m � 7 � � - � m m � � � 	 l � � ¢ 	 � � � � � � � � � � � m R !
� W . t � � 7 � m � � m 	 s

 ¢ - � � � � � 	 m � 	 � � � . � � ¢ � � ) � � � � � � s � 7 	 � 	 � m 2 � � 7 7 � � 7 - � � � � � � � � � � s ) � � 	 � � 7 - � m m � � � 	 l � � ¢ 	 � � � � � � � � � � � s � � ¢ - � 	
� 7 � � � � � � 7 	 m � � . � � � 7 	 � 	 � m � � ¢ - � 	 2 � � 7 � 7 	 � 	 m � ! � � 	 � � 7  � � 	 � m � � � s � �  m � � 7 � m � m � 7 	 � � � � - � m m � � � � � � � ) � �
m � � � � � 	 . � � 2 � � � � m � � � � � 	 � ¢ - � 	 m � 7 	 � 	 � � 	  	 - 	 �  m � � 7 � 2 � � � �  ¢ - � � � � � 	 m � ) � 7 � m � 7 	 � 	 � � 	 . r 7 	 � � � � � � �
r 7 	 � � 	 � � R  W m 7 � 2 m � 7 � m 	 � 	 � � .

� � � m �  	 � � 7 	 � � m 	 � ) � 2 � � ¢ - � 	 m � ) � 2 �  � � 	 � m � � � m s 2 � � 7 	 � � 7  � � 	 � m � � � � m � � � � 	 � � . r 7 � m � m � 7 	 m � � 	
� m � � � m �  	 � � � � � 2 � 	  � 	 m - � � � 	  � � � 
 � 
 � � - � � � � � 	 � � �  s � m � � Y � � ¢ � 	 � . t ) � � l 	 � � 	 � R l � � ¢ 	 W m 7 � � � � � � m
� � � � 2 	  s � 7 	 � � � � - � m m � � � � � � � 	 m � � 	 � m � � Y � � ¢ � 	 � R � W . ¤ � � � 2 � � � l 	 � � 	 � m 7 � � � � � s � 7 	 � 	 � � 	 m � � � 	 	 � - � m m � � � � � � � 	 m � m
� � Y � � ¢ � 	 � R � W R � 7 � � m � � � � 2 � - � m m � � � 	 	  � 	 m s 2 � � 7 � 	 - � � � 	 � 	 � � W . � � � ¢ � � m m ¢ � - � � � � m � ) ¢ � � ) � � �  � m � � � � ¢ � � � � m
� �  � �  	 - 	 �  	 � � 	 s � � � m � � � 	 	 � - � m m � � � � � � � 	 m � � 	 	 4 ¢ � � � � � � � 	 � � .

r 7 	  � � � ¦ 7 ¢ 	   � � � � � � � � � Y � � ¢ � 	 � R � W � 	 - � 	 m 	 � � m � 7 	 � � m 	 m � � 2 7 � � 7 � 7 	 � 	 � � 	 � � � 	 - 	 � � 	  l � � ¢ 	 m . r 7 	 m 	
� 	 7 � l 	 	 � � � � � � � m ? " � " . r 7 	 � � � 7 � ¦ 7 ¢ 	   � � � � � � � � � 	 � 7 	  ¢ - � � � � � 	 � � m 	 m s m � �? E 
 � l 	 � � 7 	 m 	 . r 7 	 � 	 m � � � 	
� � m 	 m � ) � 	 - 	 � � m s � ¢ � � �  ¢ - � � � � � 	 m . Y � � � 7 	 m 	 s �? E 0 . t � � 	 � 7 	 � 	 � � 	 � 2 � � 	 � m � � � � � � m 	 m � ) � 	 - 	 � � m R � ¢ � � �
 ¢ - � � � � � 	 m W � 7 � � � )  ¢ - � � � � � 	 m .

� 	 � � � m � � l 	 l � � � 7 	 - � � � � � � � � � � 	 m ) � � �? � � � �  � " R � �  ) � � 7 � � 7 	 � l � � ¢ 	 m � ) � s � � � 7 � ¢ � 7 � � � 	 � � � 	 m � � � � 	 � m � � � � �
� ¢ � � 	 � m � � 	 W .

> � ? ? � % � �? � � � �  � " E 
 " � 0
!

G v

 ! "

Y � � ! C 0 s �? � � � �  � " ) �? " � " .

� 	 P � � � � � � � � � � � ~ � � P � ~ � � � ! � � � � � ~ � � ¥ � � � � = � � � � } � � � } � � � � � � } � � � � � � � � � � � ~ � } � � � � � � � � � � � ! } � � � � � � � � � � � � � � � � �
� � � � � � � } � ¥



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . 0 � � ) 0 


0

500

1000

1500

2000

10 100 1000 10000 100000 1e+06

#s
ky

lin
e

partitions

� } � | � � � � � � � Q �? � � �  � P , � R } � � � D � ~ � � � � D � ¥

0

0.01

0.02

0.03

0.04

0.05

0.06

0 20 40 60 80 100 120 140 160

pr
ob

ab
ili

ty

#skyline

� � � ? � � � ~ � � � � � � � � � Q ? � # " �  � P , � R ¥

Y � � ¢ � 	 p / £ � � � � � � ! s � 7 	 - � � � � � � � �  	 � � 	 	 R ) � � % E � . W

{ $ � � � � � � � � % % Y � � � ) !
� 
 � � [ s �? � � "  � [ ) �? � � [ .

r 7 � m � � � < 	 � � ¢ � 	 � � � � 	 7 � �  � � - � � l 	 s 	 m - 	 � � � � � � ) � � � � m 	 m � ) m � � � � � U m � �  ! U m . Y � � � � m � � � � 	 s 2 7 � � 	
�? � � � �  � " ) �? " � " R ) � � ! C 0 W s �? � � � �  � " � m � � � � � � � � � � 	 2 � � 7 � 	 m - 	 � � � � ! . � ) � � ¢ � m 	 s ) � � � ¢ � - ¢ � - � m 	 m s 2 	 � � 	

� � � � � � � 	 � 	 m � 	  � � � 	 � � � � l 	 � � � � � � 	 � . r � � m � 	 � � � � � 	 � - 	 � � � 	 � � � � � � �? � � "  � [ � �  � 7 	  � m � � � � ¢ � � � � � ) ? � � "  � [ s � m
� � � 	 � � � � � 
 . v s 2 	 � � � 0 � s � � � � � � � � m ) � � 	 � � 7 � ) ! E 
 � � 
 " , R � �  � ¢ � � � � � W ) � � % E � � �  � E 0 � @ . Y � � ¢ � 	

p R � W m 7 � 2 m � 7 � m . r 7 	 	 � � � � ¦ � � � m � 	 - � 	 m 	 � � � 7 	 m � � �  � �   	 l � � � � � � m . Y � � ¢ � 	 p R � W m 7 � 2 m � 7 	  � m � � � � ¢ � � � � � )
? � # " �  � P , � s � �  � m � � � m � � ¢ � � 	  � � � 7 	 m � � 	 2 � � � m � 7 � m 	 � � Y � � ¢ � 	 o .

r � � 7 	 � 	 ) � � ) � 7 	 � �  � � � � Y � � ¢ � 	 p R � W s � 7 	 � ¢ � � 	 � � ) � ¢ - � 	 m  � � � � � � 	 m � 7 	 - � m m � � � 	 l � � ¢ 	 � � � � � � � � � � � m s
� �  � 7 	  � m � � � � ¢ � � � � � � ¢ � � m � 7 	 � ¢ � � 	 � � )  ¢ - � � � � � 	 m � ) � 7 � � � 	 m � m � � � � � � � � � � � � � � � � � . r 7 	 m 	  � m � � � � ¢ � � � � m
� � 	 � � ¢ 	 ' � ¢ m m � � � s � � � 7 	 � 	 � � � � � � � � � � � 7 	 � � 	 � . ¤ � � ¢ �  � 7 	 � �  � � � m � 7 	 � � � � � � 	 - � � � � � 	 � 2 	 	 � � 7 	  ¢ - � � � � � 	

	 � 	 � � � �  l � � ¢ 	 m 7 � � � � � . � 	 � 	 s � 7 	  � m � � � � ¢ � � � � m � � 	 �   	 � s � m � � Y � � ¢ � 	 p R � W . r 7 � �  � m � � � � ¢ � � � � � m � � � �  � � s
� � 2 7 � � 7 � � � � � � � � � m 7 � � � 7 	 y � 	 m � z l � � ¢ 	 � � � � � � � � � � � � � � 	 R � �  m � 7 � l 	 � m � � � � � 	 � ) � � 	 W � �  � � � �  � � � � .
¤ m 2 	 � � l 	 � � � 7 	 � � � 7 � s � 7 	  � m � � � � ¢ � � � � m � 	 � � � 	 2 	 � � � 	 7 � l 	  � �  ' � ¢ m m � � � ¦ � � � 	 � � � � � . r 7 	 � ¢ � � 	 � � )
m � � � � � 	 � m  � � � � � m 7 	   ¢ 	 � � � 7 	 l � � ¢ 	 ¦ m 7 � � � � � 	 � 	 � � s 2 7 � � 7 � � � m � m  � � 	 � m � � � � � � 	  ¢ � � � � � . r 7 	  � m � � � � ¢ � � � � m
� � � l 	 � � 	 � � � 7 � � � ) ? # � P , � � m ! � � � 2 m � �  � 7 	 � 	 � � � � � � � 	 � � � 	 m l � � � ¢ � � � � m - � � m 	 .

r 7 � m  � m � � l 	 � � � 7 � � �?  � � � � � m 7 	 m � m !  � 	 m 7 � m � � � � 5 � � � � � � m ) � � ¢ m 	 � m � ) m � � � � � 	 4 ¢ 	 � � 	 m s � � � < ¢ m � ) � � � 7 	
� � m � � �  	 � . ¤ � 	 � - � � � � m � � � � 	 � � 2 7 	 � � 7 	 m � � � � � 	 4 ¢ 	 � � � 	 � ¢ � � m � � � ) 	 2 � 	 m ¢ � � m R ) � � � 7 	 ¢ m 	 � U m � � � � � � W � m

� � � � � � 7 	  � � 	 � m � � � m U l � � ¢ 	 m ) ¢ � � 7 	 � . Y � � � � m � � � � 	 s 2 	 � � � 7 � m 	 	 � � � � � 	  � � 	 � 	 � � 	 � 	 � 2 	 	 � � � 	 m � � ¢ � � � � � �
2 7 � � 7 � 7 	 � l 	 � � � 	 � 	 � � � m � 
 � � �  � � 	 � � 2 7 � � 7 � � � m � 
 
 . � � 2 	 � � � 7 � � � � 2 � � � � � 	 � 	 m � � ¢ � � � � � � ¢ � - � � �
� � � � 7 	 � � � � � m � ¢ � � 	 m m � � 2 	 � 	 � � � 	 � m � � �  � � � � � m � 	 m m 	 � - 	 � m � l 	 . r 7 � m � � ¢ �  � 	 �  ¢ m � � � � � - � � � 	 � � � � 5 l 	
 � � � � � � � � � � 	 � m . � � 2 	 l 	 � s � 7 � m � 	 � m � � � � � 	 ¦ m 	 	 � � � � m � � � � 	 � � � � � � 5 � 	 m . ¤ m 2 	 7 � l 	 < ¢ m � m 	 	 � s � � � � � � � 2 � ¢ �  

� � � � � 	  ¢ � 	 ) ¢ � � 7 	 � � 7 	 � ¢ � � 	 � � ) m � � � � � 	 .

� � � 8 � / / * & �  ' � ( � ( � � (  ' 
 � � / / * & �  ' � (

� ¢ � � � 7 	 � � m m ¢ � - � � � � � � � 7 	 � � m � � � �  	 � � � � 	 5 � � � � � � 0 � m � 7 � � � ) m � � � � m � � � � � � �  	 - 	 �  	 � � 	 � ) � 7 	  � � 	 � m � � � m
R m � � � � � 	 � � � � � � ¢ � 	 m W . r 7 � m � m � � � 	 � � � � ¢ 	 ) � � � 	 � �  � � � s � �  � 7 	 m � � � � � 	 � - 	 � � � � � � m m 	 � m � � � l 	 � � � � � � 	 � � � � � � .

j � " � � � � $ � % A t 	 � ? � � �� � [  	 � � � 	 � 7 	 � � �  � � l � � � � � � 	 � 7 � � � 	 � m ¢ � 	 m � 7 	 � ¢ � � 	 � � ) m � � � � � 	 � ¢ - � 	 m � ) � � � ¦
� ¢ - � 	 � 	 � � � � � � 2 � � 7 � 	 m - 	 � � � � � % ¦  � � 	 � m � � � � � m � � � � � 	 4 ¢ 	 � � s ) � � 2 7 � � 7 � 7 	 % m � � � � � 	 � � � � � � ¢ � 	 m � � 	 - � � � ¦ 2 � m 	

m � � � � m � � � � � � � � �  	 - 	 �  	 � � s m � l 	 ) � � � � 	 - � � � � 7 � � � � 	 � � � � 	 � � � 	  � � � .

r 7 	 m � � � � � 	 � m � � 	 � � 	  4 ¢ � � 	  � � 	 � 	 � � � � � � � � � � 	 � � � � � � � �  � � � � ¦ � � � � 	 � � � � � � . � � � 7 � � � � 	 � � � � � � � 	 � 2 	 	 � � 2 �
m � � � � � 	 � � � � � � ¢ � 	 m � � � m � m  � � 	 � m � � � � � � 	  ¢ � � � � � . t ) � ¢ - � 	 ( 7 � m � � 	 � � 	 � l � � ¢ 	 � � � � 	 � ) � 7 	  � � 	 � m � � � m � 7 � �
* s 2 � � 7 7 � � 7 - � � � � � � � � � � s � � � � m �  � 	 m � � � 7 	 � � 7 	 �  � � 	 � m � � � . ¤ � � E 0 F � s � 7 � � - � � � � � � � � � � � m � � 	 s m � � � 	 � )



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . 0 0 � ) 0 


0

2000

4000

6000

8000

10000

12000

14000

16000

-1 -0.5 0 0.5 1

#s
ky

lin
e

correlation

� } � | � � � � � � � Q �? � � �# � P , � R } � � � D � ~ � � � � � ~ ~ � � } � � � � � ¥

0

0.0002

0.0004

0.0006

0.0008

0.001

0.0012

0.0014

0.0016

0.0018

0.002

10800 11200 11600 12000 12400 12800

pr
ob

ab
ili

ty

#skyline

� � � ? � � � ~ � � � � � � � � � ? �
! � B �# � P , � ¥

Y � � ¢ � 	 � / £ � � � � � � � s � 7 	 � � � � 	 � � � � � � R ) � � % E � . W

� 7 	  � � 	 � m � � � m � m 	 � 	 � � � l 	 � � 	 � � � � � � � 	  . ¤ � � � ¦ � � � � 	 � � � � � � � m � 7 	 � � � � � 7 	 m � m � ) m � � � � � 	 s 7 � 2 	 l 	 � . t ) ( � m � 	 � � 	 �
� 7 � � * � � � � 	  � � 	 � m � � � s � � � m � � � 	 � � � 7 � � * � m � 	 � � 	 � � 7 � � ( � � � 7 	 � � 7 	 � . ¤ � � E � 0 F � s w ; ; � ¢ - � 	 m � � 	 � �
� 7 	 m � � � � � 	 . t � � 2 � � s m � � � � � 	 4 ¢ 	 � � 	 m 2 � � 7 7 � � 7 � � � � � � ¦ � � � � 	 � � � 	  m � � � � � 	 � � � � � � ¢ � 	 m  � � � � � � � 	 � ¢ � 7 m 	 � m 	 .

� � 	 � m � � � � � � � � � - � � � � 	 	 � 2 � l � � ¢ 	 m � 7 � � � � 	 m � � � � � � � � � �  	 ¦ � � m . t 	 l 	 � � 7 	 � 	 m m s � � � � 	 � � � m � � � � � - � 	 � 	 � � � � � � �
� ) � 7 	 m � � � � � 	 � - 	 � � � � � 2 � ¢ �  7 � l 	 � � � � � � � � �  � � 	 m ¢ � 7 � � m 	 m .

r � � m � 	 � � � � � 	 � - 	 � � � 	 � � � � � � �? � � �� � [ � �  � 7 	  � m � � � � ¢ � � � � � ) ? � � �� � [ s � m � � � 	 � � � � � 
 . v s 2 	 � � � 0 � s � � � � � � � � m ) � �
	 � � 7 � ) � E � � F � � � 0 F � R � �  � � F � � W � � m � 	 - m � ) � F 0 ) � � % E � � �  � E 0 � @ . Y � � ¢ � 	 � R � W m 7 � 2 m � 7 � m . r 7 	
	 � � � � ¦ � � � m � 	 - � 	 m 	 � � � 7 	 m � � �  � �   	 l � � � � � � m . Y � � ¢ � 	 � R � W m 7 � 2 m � 7 	  � m � � � � ¢ � � � � � ) ? �

! � B �# � P , � s � �  � m � � � m � � ¢ � � 	  
� � � 7 	 m � � 	 2 � � � m � 7 � m 	 � � Y � � ¢ � 	 o . r 7 	 � � � � 	 � � � 	  � � m 	 m � 	 7 � l 	 � m 	 � - 	 � � 	  . t � � 	 � 7 � � � m � � - � 	 � � � 	 � �
� � � 	 � - � � � � � � � � 	 � 2 	 	 � % E � � �  % E o 2 � ¢ �  � � � � 	 � � � ¢ � � � 	 � � � �  	 � � 7 	 � � � � 	 � � � � � � . � � 2 	 l 	 � s � � 2 � ¢ �  
� 	 	 � m � � � 5 � � ) ¢ � � � � � � ) � � � 7 	 � � � 	 � - � � � � � � � . r 7 	 �? � � � 2 � � - �  � � ¢ �  	 � � � � � ¦ � � � � 	 � � � � � � s � ¢ � � � � � m ) � m �
� m - 	 � - � 	 	 � - 	 � � 	  s � �  � 7 	  � m � � � � ¢ � � � � m � 	 � � � � � 	 � � � � � � � � 2 	 � � � 	 7 � l 	  � �  ' � ¢ m m � � � ¦ � � � 	 . r 7 	 m � � �  � �  
 	 l � � � � � � m � � m �  � � � �  � l 	 � � 	 � � - �  � � . � � � � � � 	 � � � 	 � 	 � � � � ¦ � � � � 	 � � � � � �  � 	 m �? � 	 � � � 	 � 	 � � � � � � � � 	 .

� � 
 � � � � � � 
 � �

� � � � � � 	 4 ¢ 	 � � 	 m � � 	 � � � � � ¢ � � � 	 � � 	 � m � � � � � 9 ; = � �  9 ? @ � � � � 	 � � � � � � s � �  � � � � 2 ) � � � � 	 � � 4 ¢ 	 � � ) � � � 	 � � 	 m �
� � � � 7 	 m � � � � 	 U m � � < 	 � � � l 	 m . r 7 	 m � � � � � 	 � - 	 � � � � � s � �  - � � 	 � � � � � 	 � � 	 � m � � � m s � � � � � 	 � m ¢ - - � � � ) � � � � � 7 	 �
� � � m m 	 m � ) 4 ¢ 	 � � 	 m 2 � � 7 - � 	 ) 	 � 	 � � 	 m . t � � � � m � � � � 	 2 � � � 7 2 7 � � 	 � � �   � 7 	 m � � � � � 	 � � � ¢ m 	 & � �  � 7 	 ¢ �  	 � � � � � �
m � � � � � 	 � - 	 � � � � � & � � � 	 � � � � � � � � m � m � 	 � m .

z � � � � 	 m m 7 � m � 	 	 � � �  	 � 	 � 	 � � � � � �  	 l 	 � � - � � �  � 	 � 7 �  m ) � � 	 l � � ¢ � � � � � m � � � � � 	 4 ¢ 	 � � 	 m � � � � 	 � � � � � � � �
m 	 � � � � � . t � � 7 � m - � - 	 � s 2 	 7 � l 	 � �  	 m � � 	 � � � � � � � - � � � � 	 m m � � ¢ �  	 � m � � �  � � � � 7 	 � � �  � � � � � � � � ) � 7 	 � 	 m ¢ � � m � )
m � � � � � 	 4 ¢ 	 � � 	 m . r 7 � m � � 	 � m � � � m � m ) � � 2 7 � � 2 � ¢ �  � 	 � 	 4 ¢ � � 	  � � � 7 	 � - � � � � 	 	 � U m � � m � � �  	 � � � � � � � � � �  � � 	

� 7 	 m � � � � � 	 � - 	 � � � � � . r � � 	 m ¢ � 	 s 2 � � � � 	 � � � � m s � �  � � � �  	 � � � � m � � � 	 m � � l 	 s � � 	 � � 	 �  �  	 4 ¢ � � 	 � � � 7 	 � � m �
� �  	 � ) � � m � � � � � 	 . � 	 � 	 	  � ) ¢ � � 	 � ¢ �  	 � m � � �  � � � � ) m � � � � � 	 ¢ �  	 � � � � � 	 � � � � � � s ) � � � � m � � � � 	 7 � 2 � ¢ � � � - � 	
� � � � 	 � � � � � � m � � 	 � � � 7 	 m � � � � � 	 s � �  7 � 2 � 7 	 � � � � � � ¢ � 	 m U  � m � � � � ¢ � � � � m � � 	 � � � 7 	 m � � � � � 	 U m � � �  � � � � � � � 2 7 	 �

� 7 	 � �  � � � � � m � � 	 m � � � � R � 7 � � � m s ! � m m � � � � W .
� ¢ � � � � � � m 	 m � �  � � m � � 7 � m m 7 � ¢ �  7 	 � - ¢ m � � ¢ �  	 � m � � �  � 	 � � 	 � � 7 	 ¢ m 	 m � ) m � � � � � 	 4 ¢ 	 � � 	 m s � �  7 	 � - ¢ m

� � � 7 � m � 	 � � m � � � 	 � � � ¢ � �  � 	 � � 	 � s � � � 	 � � � ¢ m � � � � � � � � 7 � m ) � � m � � � � � 	 U m � � � - ¢ � � � � � � . � 	 7 � - 	 � 7 � m 2 � � �
� � m � � � 	 �  m � � � 	 � 	 � 	 � � � � � m � � 7 � m � � � � � 7 	 � � � ¢ � 	 � ) � ¢ � � � ¦  � � 	 � m � � � � �  � � � . t � � 7 	 � � � � � 	 � � s m � � � � � 	 � � �

- � � l �  	 ¢ m s � � � ¢ � � s � � � � m ) � � � 7 	 � 	 � � � � � � � � � �  	 � � �  m � m � 	 � m . � � � 	 � � � 	 � � � � 	  s � 7 	 m � � � � � 	 � - 	 � � � � � � � � 7 �
- � � l �  	 � 7 	 4 ¢ 	 � � � - � � � � 	 	 � m � � 	 � � � 	 m 2 � � 7 � � � 	 	 � � � 	 � � - � � � m ) � � 	 l � � ¢ � � � � � 4 ¢ 	 � � 	 m 2 � � 7 m 	 � ) ¦ < � � � m . � � � � 	

� 7 	 m � � � � � 	 7 � m � 7 	 - � � - 	 � � � � 7 � � � � � m � �  	 - 	 �  	 � � � ) � � � � � � ¢ � 	 m U  � � � � � m R ) � � � � � � 	 ! W s m � � � � � 	 m � � � � m � � � m � � �
- � � l �  	 � � 	 2 � � - 	 � ) ¢ m 	 ) ¢ �  � � � � � m 	 m � � � � m � � � m � 7 � � � � ¢ �  � � 	 �  � 	 � � 	 � � � m � 	 m � � � � � � � � m ) � � 4 ¢ 	 � � 	 m � 	 � 	 � � � � � .



� � � � � 	 � 
 � � 
 � � � � � � 	 � � �  � � � � � � � & ' �  ) � 	 � - . 0 
 � ) 0 


� � � � � � 	 2 � � � � - 	 � m ¢ - � � � � � 	 2 � l 	 � ¢ 	 m .

� � � � � � � � � �

o 0 q x . t . � 	 � � � 	 � s � . r . q ¢ � � s u . � � 7 � � � � � � � s � �  � . � . r 7 � � - m � � . � � � 7 	 � l 	 � � � 	 � ¢ � � 	 � � ) � � � � � � � �
� m 	 � � ) l 	 � � � � m � �  � - - � � � � � � � � m . � � � � s 
 � R o W / � v � 	 � o v s 0 � p � .

o 
 q � . � 	 � � 7 � � �  s � . � �� 7 � s � . ¤ . q 	 � � s � �  � . ¦ z . q � � 	 � 	 � . ¤ � � m � � �  	 � ) � � � 	 � � 	 m � � 	 � � 7 � � � m 	 � � � 7 � �
7 � � 7 ¦  � � 	 � m � � � � �  � � � m - � � 	 . t � � ^ h c ] ] i a x 6 \ h g > ( ] 
 a � > ] ] x > ( � � , 
 s - � � 	 m p � 	 � � s 0 � � p .

o v q � . � �� � 	 m �� � � � s � . q � m m � � � � s � �  q . � � � � � 	 � . r 7 	 m � � � � � 	 � - 	 � � � � � . t � � ^ h c ] ] i a x 6 \ h g > ( ] � � > ( 1 � , � s
- � � 	 m o 
 0 	 o v � s 
 � � 0 .

o o q x . � 7 � � � � � � . � ¢ 	 � � � � � 2 � � 7 � � � � � � m � � - � 	 ) 	 � 	 � � 	 m . t � � ^ h c ] ] i a x 6 \ h g � , ' � s 
 � � 
 .
o � q x . � 7 � � � � � � s z . ' �  ) � 	 � s x . ' � � 	 s � �  � . t � � � � . � � m � � � � � 	 � � � - ¢ � � � � � � s 
 � � 
 . � ¢ � � � � � 	  .
o � q � . � . � 7 ¢ s � . h � � � s q . � 7 � � � � s u . u � � � � � s ' . � 7 � 2 s � �  � . t � � m � � . � � � � m 	 / ¤ m � � � � � � 	 � �  	 � � 	 � m � ¦

� � 	 � � � - 	 � � � � l 	 � � ) � � � � � � � � m � m � 	 � . � h | ^ x w ; h g 1 x > ] ; ; a 6 ] x > 1 x g h ^ � w > a h x 
 : \ > ] � \ - � 1 1 
 / s � R 
 � v W / 
 
 v 	 
 � � s
u � � 0 � � � .

o p q r . ' � � m � 	 � � � �  s z . ' �  ) � 	 � s � �  x . u � � � 	 � . - 	 � � � � � � � � � m � - � � � ) � � � ) � � � � � - 	 � � � � l 	 � � m 2 	 � � � � . � h | ^ x w ;
h g 1 x > ] ; ; a 6 ] x > 1 x g h ^ � w > a h x 
 : \ > ] � \ - � 1 1 
 / s 0 R v � o W / 
 � v 	 v 
 0 s 0 � � 
 .

o � q r . ' � � m � 	 � � � �  s z . ' �  ) � 	 � s � �  x . u � � � 	 � . ¤ � � l 	 � l � 	 2 � ) � � � - 	 � � � � l 	 � � m 2 	 � � � � . t � - . � 	 � � � � � � 	
� �  r . t � � 	 � � � m � � s 	  � � � � m s � h x \ > w x i w ^ i � | ] ^ a ] \ w x i � h x \ > w x i w ^ i � x \ 1 ] ^ \ s � � ¢  � 	 m � � t � � � � � �  � � � ¦
- ¢ � � � � � � v s � 7 � - � 	 � 0 s - � � 	 m 0 	 o � . � � � � 	 �  � � z � 	 m m s � � ) � �  s 0 � � o .

o � q r . ' � � m � 	 � � � �  � �  x . t � � � . � ¢ � � � ) � � � � � � m 2 	 � m � � � � �  � � � � � ¢ m 	 � � 	 	  m � �  - � 	 ) 	 � 	 � � 	 m . " | x i w � ] x > w
1 x g h ^ � w > a c $ s v 
 R 
 W / 0 
 0 	 0 v p s 0 � � p .

o 0 � q � . k . q � ¢ � 7 . " | x i w � ] x > w ; � ; 6 h ^ a > ( � \ ' � ( ] � ^ > h g � h � < | > ] ^ � ^ h 6 ^ w � � a x 6 s l � � ¢ � 	 0 . ¤   � m � � � 	 m � 	 � s- 	 �  � � � s u ¤ s m 	 � � �  	  � � � � � s 0 � p v .
o 0 0 q � . q � m m � � � � s Y . - � � � m � s � �  � . - � m � . � 7 � � � � � � m � � � m � � � 7 	 m � � / ¤ � � � � � � 	 � � � � � � � 7 � ) � � m � � � � � 	

4 ¢ 	 � � 	 m . t � � ^ h c ] ] i a x 6 \ h g ( ) > ( 1 x > ] ^ x w > a h x w ; � h x g ] ^ ] x c ] h x * ] ^ : , w ^ 6 ] , w > w ' w \ ] \ - * , , ' � ( - - ( / s ¤ ¢ � .

 � � 
 . r � � - - 	 � � .

o 0 
 q � . r . q ¢ � � s Y . t ¢ � � � � s � �  Y . z . z � 	 - � � � � � . � � 5 �  � � � � 7 	 � � � � � � � ) � m 	 � � ) l 	 � � � � m . � � � � s

 
 R o W / o � � 	 o p � s 0 � p � .

o 0 v q Y . z . z � 	 - � � � � � � �  u . t . � 7 � � � m . � h � < | > w > a h x w ; 2 ] h � ] > ^ : ' � x 1 x > ^ h i | c > a h x . � - � � � � 	 � ¦ £ 	 � � � � s 0 � � � .
o 0 o q � . - � � � � . r 7 	 � � � � � � � 7 � � � � � � � � � � � ) � � � ¢ � � . � � ] ^ a c w x � w > ( ] � w > a c \ � h x > ( ; : s � � / � o 0 	 � o � s ¤ ¢ � ¢ m � ¦

� 	 - � 	 � � 	 � 0 � � 
 .
o 0 � q � . - � � � � . r 7 	 7 � � � � � � � � � � � � � � 7 � m � �  � 7 	 � � � � � � � � ) � � � ¢ � � . � h | ^ x w ; h g � h � � a x w > h ^ a w ; � ( ] h ^ : $


 ] ^ a ] \ � s � v / 0 o v 	 0 � v s 0 � � v .
o 0 � q t . - � ¢ m m � - � ¢ � � m s � . q 	 � � 	 � s � �  Y . £ � � � 	 � � . t 	 � � 	 m � � 	 � � 7 � � � 4 ¢ 	 � � 	 m . t � u . x . � � � 	 � � �  � . ¤ .

� � 7 � 	 �  	 � s 	  � � � � m s � ^ h c ] ] i a x 6 \ h g > ( ] � 8 8 9 � � � 
 1 2 � � , 1 x > ] ^ x w > a h x w ; � h x g ] ^ ] x c ] h x � w x w 6 ] � ] x >
h g , w > w s - � � 	 m p 0 	 p � . ¤ � u z � 	 m m s 0 � � � .

o 0 p q - . k . � � 	 ¢ 	 � . � | ; > a < ; ] � ^ a > ] ^ a w � < > a � a � w > a h x ' � ( ] h ^ : $ � h � < | > w > a h x $ w x i � < < ; a c w > a h x . x � 7 � � � � 	 � �
� � � m s t 	 2 h � � � s 0 � � � .

o 0 � q q . ¦ t . r � � s z . ¦ q . k � � s � �  � . � . � � � . k � � � 	 � � - � � � � 	 m m � l 	 m � � � � � 	 � � � - ¢ � � � � � � . t � � ^ h c * h g ( � > ( * , , ' s
- � � 	 m v � 0 	 v 0 � s 
 � � 0 .

o 0 � q > w 6 w > � h ^ h x > h ? ] \ > w | ^ w x > \ . m � � � � � ¢ � l 	 � s 
 � � 
 .


