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Exercise 1

Use the tableau method for ALC described in Baader and Sattler’s paper to check
whether the following concept is satisfiable/consistent. Show the steps and rules
that are used. If the concept is satisfiable give the model(s) (satisfying interpreta-
tion(s)) obtained by the method.

(VR.(3R.A)) N (3IR.B)) N (VR.((VR.—~A) U (VR.—B)))

Solution
Let

Co = ((VR.(3R.A)) N (3R.B)) 1 (VR.((VR.—A) U (VR.—B)))
C1 = ((VR.(3R.A)) N (3R.B))
Cy = (VR.((VR~A) U (VR.~B)))

Start with

S = {{Co(o)}}

or graphically
z, o {Co}
Apply — to get



S = {{Co(x0), Ci(x0), Ca(w0) } }

or graphically
Lo @ {CO ) Ol ) 02 }

Apply —r again to get
S = {{Co(z0), C1(x0), C2(20), VR.(IR.A)(20), IR.B(x0) } }
or graphically
z, o {Cy, C1,CyVR.(IR.A),IR.B}
Apply —3 to get

S = {{00(1'0), Ol (ZEQ), Cg(l‘o), VR(HRA)(x()), HRB([L‘()),
R(xo, 1), B(w1)}}

or graphically
z, o {Cy, C,Cy,YR.(3R.A),3IR.B}
r
T |o {B}
Apply —v to get

S = {{Co(l‘o), 01 (IQ), CQ(J]()), VR(HRA) (Ig), E]RB(.T()),
R(l’o, ZL‘l), B(l’l), ElRA(Il)}}

or graphically
Ty, © {C(), Ol, CQ, VR(HRA)7 ElRB}
|
| R
|
[ ]

X1



Apply —v to get

S = {{Co(l‘()), Cl(ZL‘()), CQ(I’Q), VR(HRA)(ZL‘O), HRB(ZL’()),
R(zo, 1), B(x1),3R.A(xy), (VR.-A) U (VR.—B))(z1)}}

or graphically

Zo

o {Cy,C1,C3,VR.(IR.A),IR.B}
r

T |o {B,3R.A,((VR.—A) U (VR.—-B))}

Apply —3 to get

S = {{Co(l’o), 01(13(]), CQ(I()), VR(HRA)(JIO), HRB(.I()),
R(l’o, I1>, B(C(]l), 3RA($1)7 ((VR_'A) (] (VR_'B))(CL’l),
R(xy1, x2), A(z2)}}

or graphically

Zo

{Cy,Cy,Cy,¥R.(IR.A),3R. B}

R

|
|
21 o {B,3R.A, ((YR-A)U(VR.-B))}
|
IR

|

T2

{A}

Apply —, to get

S = {{Co(xp), C1(z0), Ca(x0),VR.(IAR.A)(x0), IR.B(x0),
R(xg, 1), B(x1),3R.A(x1), (VR.—A) U (VR.=B))(x1),YR.~B(x1),
R(xlvxZ)a A(x2)}7
{Co(x()), Cl (CL’()), 02 (l‘o), \V/R(HRA) (%0), E'RB([E()),

R(zg, 1), B(x1),3R.A(xy), (VR.—A) U (VR.—B))(z1), VR.mA(z1),
R(x1, 22), A(z2)}}



or graphically for the first ABox

Lo

{Cy, C1,Ca,VR.(AR.A),3R. B}

R

|
;
z1 o {B,3R.A,((VR-A) U (VR.-B)),YR.~B}
|
IR

|

X2

{A}

Apply —v to get

S = {{Co(l’o), Cl (.77(]), CQ(QJ()), VR(HRA) (.CI?[)), HRB(Z'()),
R(Q?(), .Tl), B(Il), E'RA(LEl), ((VR_'A> L (\V/R_'B»(Il),VR_'B(SL’l),
R(xh x2)7 A(x2)7 —|B(l‘2)},
{Co($0>, Cl (l’o), 02 (]70), \V/R(HRA) (I’Q), E'RB([E()),
Rz, 1), B(z1), 3R A(z1), (VR.~A) U (VR.~B))(z1), YR.—~A(z1),
R(x1,x2), A(x2)}}
or graphically for the first ABox

{Cy, C1, Co,YR.(3R.A)),3R.B)}

R

|
}
z1 o {B,3RA,((VR-A)U (VR.-B)),YR.~B}
|
'R

|

i) {A, _|B}

No clash and no further rules apply to the first ABox so () is satisfiable.

A model [ is AT = {xg, 21,75}, Al = {25}, Bl = {2}, and RT =
{{xo, z1), (1, 72) }.



We can continue and apply —v to the second ABox to get

S = {{Co(ZL‘()), Cl(IL‘()), CQ(I’Q), VR(HRA)(ZL‘O), HRB(I‘O),
R(z0,21), B(21), 3R. A1), (VR.~A) U (VR.~B))(z1), VR~B(1),
R(z1,22), A(22), 7 B(2)},

{Co(x(]), Cl (ZE()), CQ (Io), VR(HRA) (LUQ), E'RB(xo),

R(l’o, 1'1), B(l’l), E'RA(ZEl), ((\V/R_'A) L (VR_'B))(Il), VR.ﬁA(l’l),
R(x1,32), A(z2), 7 A(22) }}

or graphically for the second ABox

{Cy,Cy,Cy,¥R.(IR.A)),3R.B)}

Zo

R

|

|

r1 e {B,3ARA, ((VR-A)U (YR~B)),YR—-A}

|

IR
|

{A7 _'A}

T2

There is a clash so this ABox is unsatisfiable. No further rules apply so there
are no further models.

Exercise 2

Use the tableau method for ALC described in Baader and Sattler’s paper to check
whether the following concept is satisfiable/consistent. Show the steps and rules
that are used. If the concept is satisfiable give the model(s) (satisfying interpreta-
tion(s)) obtained by the method.

((VR.(3R.A)) M (3R.B)) N (VR.(VR.~A) N (YR.=B)))

Solution
Let

Co = ((YR.(3R.A)) M (3R.B)) N (VR.(VR.~A) M (VR.~B)))
O, = ((YR.(3R.A)) M (3R.B))
Cy = (VR.((VR.~A) 1 (YR.~B)))

5



Start with
S = {{Co(x0)}}
or graphically
z, o {Co}
Apply —n to get
S = {Co(x0), C1(x0), Ca(w0)} }

or graphically
Ty © {007 017 02}

Apply —r again to get
8 = {{Colao), Ci (o), Ca (o), VR.(3R.A) (o), 3R.B(o)}}
or graphically
z, o {Cy, C1,CyVR.(IR.A),IR.B}
Apply —3 to get

S = {{Co(ZL‘()), Cl(IL‘()), CQ(I’Q), VR(HRA)(ZL‘O), HRB(I‘()),
R(x(]? 331), B(xl)}}

or graphically

Lo

L {C(), Cl, CQ, VR(HRA)7 HRB}
|
| R
|
ry ® {B}
Apply —v to get

S = {{Co(x0), C1(x), Ca(xg), VR.(IR.A) (), IR. B(xy),
R(xg,21), B(x1),3R.A(z1)}}

or graphically
{Cy, C1,Cy,VR.(IR.A),IR.B}



Apply —v to get

S = {{Co(l‘()), Cl(ZL‘()), CQ(I’Q), VR(HRA)(ZL‘O), HRB(ZL’()),
R(zo, 1), B(x1),3R.A(xy), (VR.-A) N (VR.—B))(z1)}}

or graphically

Zo

o {Cy,C1,C5,VR.(IR.A)),3R.B)}
r

T |o {B,3R.A,((VR.—A) N (VR.—-B))}

Apply —3 to get

S = {{Co(l’o), 01(13(]), CQ(I()), VR(HRA)(JIO), HRB(.I()),
R(l’o, I1>, B(C(]l), 3RA($1)7 ((VR_'A) M (VR_'B))(CL’l),
R(xy1, 72), A(z2)}}

or graphically

Zo

{Cy,Cy,Cy,¥R.(IR.A)),3R.B)}

R

|
|
21 o {B,3R.A, ((YR-A)N (VR.-B))}
|
| R

|

T2

{A}

Apply —n again to get

S = {{C(w0), Ci (), Ci(o), YR.(FR.A) (o), 3R.B(x0),
R(zg, 1), B(x1),3R.A(xy),
((VR.=A) N (VR.~B))(21), VR.=A(x1), VR.~B(x1),
R(z1, 1), A(z2)}}



or graphically

Lo

{Cy,Cy,Cy,¥R.(3R.A)),3R.B)}

R

[ ]
|
}
z1 o {B,3R.A,((VR—-A) N (VR.—B)),YR.~A,YR.~B}
|
IR

|

[ ]

T2

{4}
Apply —v to get

S = {{Co(.l’o) Cl($0> 2(1}0) VR. (ElR A)(.CIT[)), HRB(Z'()),
(370, 131), B(ZL’1> HR A(I‘l)
(VR.—~A) M (VR.—B))(x1),VR.—A(x1),YR.~B(x1),
R(w1, ), A(x2), 7 A(22) } }
or graphically

{Cy, C1,Cy,YR.(AR.A)),3R.B)}

R

[ J
|
1
z1 o {B,3R.A,((VR-A) N (VR.—B)),YR.~A,YR.~B}
|
| R

|

[ ]

T2

{A7 _‘A}

The ABox has a clash!
There are no alternatives/other ways to apply the or rule, so Cj is unsatisfiable.



