
In the following inference rules, H ranges over a �nite set of sentences (formulae
without free variables), ψ, ψ1, ψ2, φ, φ1, φ2 range over sentences, t, t1, t2 over terms
without free variables, and x over variables of appropriate types.

1 Basic Rules

H,φ ` φ Hyp
H ` ψ H,ψ ` φ

H ` φ Cut
H ` φ
H,ψ ` φ Mon

H,ψ1 ` φ H,ψ2 ` φ
H,ψ1 ∨ ψ2 ` φ

OrL
H ` φ1

H ` φ1 ∨ φ2
OrR1

H ` φ2

H ` φ1 ∨ φ2
OrR2

H,ψ1, ψ2 ` φ
H,ψ1 ∧ ψ2 ` φ

AndL
H ` φ1 H ` φ2

H ` φ1 ∧ φ2
AndR

H,ψ1, ψ2 ` φ
H,ψ1, ψ1⇒ ψ2 ` φ

ImpL
H,φ1 ` φ2

H ` φ1⇒ φ2
ImpR

H,ψ1⇒ ψ2, ψ2⇒ ψ1 ` φ
H,ψ1⇔ ψ2 ` φ

EqvL
H,φ1 ` φ2 H,φ2 ` φ1

H ` φ1⇔ φ2
EqvR

H ` ψ
H,¬ψ ` φ NotL

H,φ ` ⊥
H ` ¬φ NotR H ` φ ∨ ¬φ Classical

H ` > True
H,⊥ ` φ False

H,∀x · ψ,ψ[x := t] ` φ
H,∀x · ψ ` φ AllL

H ` φ[x := c]
H ` ∀x · φ AllR

(c is a constant not occur-
ing in H or φ.)

H ` φ[x := t]
H ` ∃x · φ ExR

H,ψ[x := c] ` φ
H,∃x · ψ ` φ ExL

(c is a constant not oc-
curing in H, ψ or φ.)

H, t1 = t2 ` φ
H ′, t1 = t2 ` φ′ Subst

(H ′, φ′ is obtained from H,φ,
respectively, by replacing
some occurrences of t1 by t2.)

` t = t
Refl
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2 Derived Rules

H,ψ ` φ H,¬ψ ` φ
H ` φ Case

H ` ψ1 H,ψ1, ψ2 ` φ
H,ψ1⇒ ψ2 ` φ

MP

H,¬φ ` ψ
H,¬ψ ` φ Not′

L

H,φ ` ¬ψ
H,ψ ` ¬φ Not′

R

H,¬φ2 ` φ1

H ` φ1 ∨ φ2
Or′

R1

H,¬φ1 ` φ2

H ` φ1 ∨ φ2
Or′

R2

H,ψ ` φ
H,¬¬ψ ` φ DNotL

H ` φ
H ` ¬¬φ DNotR
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