Characterizing FA languages

 Regular expressions
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Regular Expressions (Def. 1.52)

Given an alphabet X, R Is a regular expression If:
(INDUCTIVE DEFINITION)

. With aeX

QD

®OO

R,UR,), with R, and R, regular expressions
R.*R,), with R, and R, regular expressions
R,¥), with R, a regular expression

o
A A AN AU AN AU

AN IN N

Precedence order: *, o,u
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Regular Expressions

o Unix ‘grep’ command: Global Regular
Expression and Print

e Lexical Analyzer Generators (part of
compilers)

* Both use regular expression to DFA
conversion
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Examples

e e, =auvub, L(e,) = {a,b}

e e,=abuba, L(e,) ={ab,ba}

* €3 =a%, L(ey) = {a}*

* e,=(avub)*, L(e,) ={ab}*

s es=(e,.€), L(es) =L(e,) * L(e,)

* e, = a*b u a*bb,
L(eg) = {w| w € {a,b}* and w has O or
more a’s followed by 1 or 2 b’s}
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Characterizing Regular
Expressions

* We prove that Regular expressions (RE)
and Regular Languages are the same set,
l.e.,

RE = RL
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Thm 1.54: RL ~ RE

We need to prove both ways:

o If a language Is described by a regular expression,
then it is regular (Lemma 1.55)

(We will show we can convert a regular
expression R into an NFA M such that L(R)=L(M))

* The second part:

If a language is reqgular, then it can be described by
a regular expression (Lemma 1.60)
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Regular expression to NFA

Claim: If L =L(e) for some RE
e, then L = L(M) for some
NFA M

Construction: Use inductive

definition 1. _,Qa_,@)

1. R=a,withaeX

2. R=¢ 2. 4{ :)

3. R=U

4. R=(R,UR,),withR,and R, 3. —)
regular expressions

5. R=(Ry*Ry), with R; and R, 4. 5.6: similar to

regular expressions
6. R =(R,*), with R; a regular
expression

closure of RL under
regular operations.
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Examples of RE to NFA conv.

_ = {ab,ba}
_ = {ab,abab,ababab,...... }
_={w | w=amb", m<10, n>10}
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Back to RL ~ RE

 The second part (Lemma 1.60):
If a language is reqgular, then it can be
described by a regular expression.

e Proof strategy:

= regular implies equivalent DFA.
= convert DFA to GNFA (generalized NFA)
= convert GNFA to NFA.

GNFA: NFA that have regular expressions as
transition labels
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2/4/2013

Example GNFA
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Generalized NFA - defn

Generalized non-deterministic finite automaton
M:(Q1 21 61 QStart’ qaccept) Wlth

e Q finite set of states

> the input alphabet

* J.qrt the start state

* Jaccept the (Unique) accept state

* 8:(Q - {Gaccept)*(Q - {Ustart) = R IS the transition
function

(RIs the set of regular expressions over %)

(NOTE THE NEW DEFN OF 9)
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Characteristics of GNFA’s &

* 5:(QYUaccep) *(QYAstar) = R

The interior Q{0 ccept:Ustartt IS fUlly connected by 6
From g Only ‘outgoing transitions’

TO Qyecept ONlY ‘INgOINg transitions’

Impossible gi—q; transitions are labeled “5(q;,q;) = &~

O
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Proof Idea of Lemma 1.60

Proof idea (given a DFA M):

Construct an equivalent GNFA M’ with k>2 states
Reduce one-by-one the internal states until k=2

This GNFA will be of the form R ‘
" >

This regular expression R
will be such that L(R) = L(M)
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DFA M — Equivalent GNFA M’

Let M have k states Q={qy,...,d}
- Add two states g,qcept @Nd Qggary

Le®

- Connect g, to earlier q;:

L’@ - Connect old accepting states to g,cep

- Complete missing transitions by i»

- Join muItipIe transitions:

/>‘ becomes
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Remove Internal state of GNFA

If the GNFA M has more than 2 states, ‘rip’
internal q,;, to get equivalent GNFA M’ by:

- Removing state q,;,: Q'=Q\{q;;p}

- Changing the transition function 6 by
6'(0;,9;) = 3(0;,q) v (6(q;,01,)(0(0;,9;)) *0(yip: )
for every qiEQ’\{qaccept} and QjEQ’\{qstart}

R, R
G ° R,V(R;R,*Rj) @
= =
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Proof Lemma 1.60

Let M be DFA with k states
Create equivalent GNFA M’ with k+2 states
Reduce In k steps M’ to M” with 2 states

The resulting GNFA describes a single regular
expressions R

The reqgular language L(M) equals the language
L(R) of the regular expression R
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Proof Lemma 1.60 - continued

e Use induction (on number of states of
GNFA) to prove correctness of the
conversion procedure.

e Base case: k=2.

* Inductive step: 2 cases — q;, IS/Is not on
accepting path.

/@O R,
\R, _ FQU(Rle*R?,)>

Rl
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Recap RL = RE

Let R be a regular expression, then there exists
an NFA M such that L(R) = L(M)

The language L(M) of a DFA M is equivalent to
a language L(M’) of a GNFA = M’, which can
be converted to a two-state M”

The transition Qgi,t —R—> Qaccept0f M”
obeys L(R) = L(M")

Hence: RE < NFA = DFA € GNFA c RE
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