Implementing Recursion (pt. 2)

Based on slides by Prof. Burton Ma



Revisiting the Fibonacci Numbers

 The recursive implementation based on the
definition of the Fibonacci numbers is
inefficient

public static iInt fibonacci(int n) {
iIT (n ==0) {

return O;

}
else 1f (n == 1) {
return 1;

}
int ¥ = fibonacci(n - 1) + fibonacci(n - 2);
return f;

}



e How inefficient is it?

e Let T(n) be the running time to compute the
nth Fibonacci number
—T(0)=T(1)=1
— T(n) is a recurrence relation



T(n)

—->T(-1D)+T(h-2)
=(T(n-=2)+T(n-3))+T(n-2)
=2T(n—-2)+T(n-3)
>2T(n-2)

> 2(2T (n—4))=4T (n—4)

> 4(2T (n—6))=8T (n—6)
>8(2T (n-8))=16T (n—8)

> 2T (n—2k)

l.e., it is based on the k previous terms (recursive calls)



Solving the Recurrence Relation
T(n) >  2"T(n-2x)

e Weknow T(1)=1

— |f we can substitute T(1) into the right-hand side
of T(n) we might be able to solve the recurrence

n-2k=1= 1+2k=n=k=(n-1)/2

T(N)>2T(h-2k) = 2" Y2T()) = 2092 ¢ QO(2")



An Efficient Fibonacci Algorithm

* An O(n) algorithm exists that computes all of

the Fibonacci numbers from f(0) to f(n)
F(5)

F(3

7

F(2)

FCL| |FO)
1 0




e Create an array of length (n + 1) and
sequentially fill in the array values

— O(n)

// pre. n >=0
public static Int[] fibonacci(int n) {
int[] £ = new Int[n + 1];
f[0] = O;
f[1] = 1;
for (int 1 = 2; 1 <n + 1; i++) {
f[i] = f[1 - 1] + f[i - 2];
+

return f;



Review of Recursion

e A recursive method calls itself

 To prevent infinite recursion you need to ensure
that:
1. The method reaches a base case

2. Each recursive call makes progress towards a base
case (i.e. reduces the size of the problem)

 To solve a problem with a recursive algorithm:

1. Identify the base cases (the cases corresponding to
the smallest version of the problem you are trying to
solve)

2. Figure out the recursive call(s)



Palindromes

1. A palindrome is a sequence of symbols that is
the same forwards and backwards:

—  "level"

— "yo banana boy"

Write a recursive algorithm that returns true if a
string is a palindrome (and false if not); assume

that the string has no spaces or punctuation
marks.



Palindromes

e Sketch a small example of the problem
— It will help you find the base cases
— It might help you find the recursive cases



Palindromes

public static boolean isPalindrome(String s) {
if (s.length() < 2) {
return true;
}
else {
int first = 0;
int last = s.length() - 1;
return (s.charAt(first) == s.charAt(last)) &&
isPalindrome(s.substring(first + 1, last));

}
}



Towers of Hanoi
3. [AJ, p 685, Q7]

AR B | C |
— Move the stack of n disks from A to C

e Can move one disk at a time from the top of one stack onto
another stack

e Cannot move a larger disk onto a smaller disk
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Towers of Hanoi

* Legend says that the world wil
disk version of the puzzle is so

e Several appearances in pop cu
— Doctor Who (TV series)

end when a 64
ved

ture

— Rise of the Planet of the Apes (Movie)

— Mass Effect (Video game)



Towers of Hanoi

A B| c|

e Move disk from Ato C




Towers of Hanoi

A| B| C




Towers of Hanoi

A B| c|

e Move disk from Ato B




Towers of Hanoi

e Move disk from Ato C



Towers of Hanoi

e Move disk from Bto C



Towers of Hanoi

A| B|




Towers of Hanoi

B| c|

e Move disk from Ato C




Towers of Hanoi

e Move disk from Ato B



Towers of Hanoi

e Move disk from Cto B



Towers of Hanoi

e Move disk from Ato C



Towers of Hanoi

* Move disk from B to A



Towers of Hanoi

e Move disk from Bto C



Towers of Hanoi

e Move disk from Ato C



Towers of Hanoi

On:

3
A| B|




Towers of Hanoi

B| C|

e Move (n—1) disks from A to B using C
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Towers of Hanoi

BI

e Move disk from Ato C

29



Towers of Hanoi

A BI C

e Move (n—1) disks from B to C using A
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e n=4

Towers of Hanoi

A| B|
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e Basecasen=1
1. Move disk from Ato C

* Recursive case
1. Move (n—1) disks from A to B
2. Move 1 disk fromAtoC
3. Move (n—1) disks from B to C



Towers of Hanoi

public static void move(int n,
String from,
String to,
String using) {
if(n==1) {
System.out.printin("move disk from " + from + " to " + to);
}
else {
move(n - 1, from, using, to);
move(1, from, to, using);
move(n - 1, using, to, from);
}
}



Correctness and Termination

* Proving correctness requires that you do two
things:
1. Prove that each base case is correct

2. Assume that the recursive invocation is correct
and then prove that each recursive case is correct

* Proving termination requires that you do two
things:
1. Define the size of each method invocation

2. Prove that each recursive invocation is smaller
than the original invocation



. Prove that the recursive palindrome
algorithm is correct and terminates.

. Prove that the recursive Jump It algorithm is
correct and terminates.

. Prove the recursive Towers of Hanoi
algorithm is correct and terminates.



