Axioms of Boolean Logic

Associativity of =

Symmetry of =

Tvs. L

introduction of —

Associativity of V
Symmetry of V
Idempotency of V
Distributivity of V over =
Excluded Middle

Golden Rule
Implication

(A=B)=C)=(A=(B=C)

(A=B)=(B=A)

(AvB)vC=AV (BV(C)
AVB=BVA

AVA=A
AV(B=(C)=AvB=AvVC
AV -A

ANB=A=B=AVDB
A—-B=AvB=2B

Some Theorems of Boolean Logic

Transitivity

Eqn + Leib Merged
Redundant True

Double Negation

de Morgan 1
de Morgan 2

A=B,B=CHA=C
FA=A

ET
Clp:=A],A=BFCp:= B
FT=A=A

F-(A=B)=-A=B
F-—A=A
FT=-1

FAVT

FAVLI=A

FA— B=-AVDB
F-AVB=AVB=B

FA—- (B=C)=A—-B=A—C
FAAB=-(-AV-B)

AV B=-(-AA-DB)

FANA=A
FAANT = A
FAANL=1
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Some Theorems of Boolean Logic- continued

Distributivity of V over A F AV (BAC)=(AVB)A(AV ()
Distributivity of A overV FAA(BVC)=(AAB)V(AAC)

Distributivity of — over A FA— (BAC)=(A— B)AN(A—C)
F(AVB)-C=(A—=C)AN(B—C)
Ping-Pong Theorem + A=B=(A— B)A(B — A)

Merge A, BFAAB
AVAE A
AFAVB

Split AANBEA

CutRule AV B,-AvCHkFBVC
AV B,-AVBFB
AV B,-AF B
A-AF L

Modus Ponens A, A — B+ B
Transitivityof - A— B,B—-CFA—C

A—-C,B—-DFAVB—-CVD
Proof by Cases A —-C,B—-CFAVB—C
A—=C-A—-CHC

(2.4.23(1))
(2.4.23(id))

(2.5.10)
(2.5.11)
(2.5.13)



Axioms of Predicate Logic
The axioms of Predicate Logic consist of all partial generalizations of the following schemata:

Ax1  All tautologies.

Ax2  (Vz)A — Az =] Specialization axiom

Ax3 (Vz)(A— B) —» (Vo)A — (Vo)B

Ax4 A — (Vx)A,if x dnofin A

AxS xz==x Identity axiom

Ax6 s=t— (Alx:=s] = Az :=1t]) Leibniz axiom for equality

Some theorems & metatheorems of Predicate Logic

Weak Generalization IfT'F A thenT F (Vz)A (6.1.1)
if X dnof in any formula of I
If - A, then - (Vz)A (6.1.3)
Specialization (Vx)AF Alz =t
(Vz)AF A

F (Vz)(Vy)A = (Vy)(Vx)A
Distributivity of V over A F (Vx)(AAB) = (Vx)ANA (Vo) B

V-monotonicity IfI'-A— B,thenl' - (Vx)A — (Vz)B (6.1.9)

if x dnof in any formula of T’

IfI'-A=B,thenl' - (V2)A = (Vz)B (6.1.11)

if X dnof in any formula of I

Weak Leibniz If - A= B,then F C[p\A] = C[p\B|

Strong Leibniz A=BFClp:=A]=Clp := B]
F(Vz)(A— B)=A— (Vo)B (6.4.1)
if x dnof inA4
F(Vz)(AVv B)= AV (Vz)B (6.4.2)
if x dnof inA4
F(3z)(AANB)= AN (3x)B (6.4.3)
if x dnof inA4



Some theorems & metatheorems of Predicate Logic- continued

Dummy renaming

Dual of Ax2 (Spec axiom)

Dual of Spec rule

V Introduction

3 Introduction

Auxiliary Variable

Soundness in first order logic

Completeness in first order logic

F (Vo)A = (V2)Alx = 2]
if z is fresh to A
F(3z)A = (32)A[x = 7]
if z is fresh to A

F Az =t — (3x)A
Alx :=t]F (Fx)A
Ak (3x)A

—~

'FA— BiffTHF A — (Vx)B
if x dnofin A or I'
'-A— BiffT'+ (32)A — B
if x dnofin B or I

IfI'F (3x)Aand ' + A[z:= 2] - B

then I' - Bif z is fresh

If - Athen | A
If &= Athen - A

(6.4.4)
(6.4.5)
(6.5.1)
(6.5.2)
(6.5.3)

(6.5.4)

(6.5.5)

(6.5.6)



