MATH/EECS 1019: DiSCRETE MATH FOR COMPUTER SCIENCE
FaLL 2014
Assignment 3 — Solutions

Question 1

[2+2 points| Functions
. -1 . _ 3x+1
1. Find ¢~*(3) given g(x) = Totels)

Solution: We have to find the value of x such that g(x) = 3. So we can substitute
g(z) = 3 and solve for x. Therefore, we have

3z +1
9@) = g o(@)
5 _ 3r+1
2z 4+ 3
320 4+3) = 3z+1
3r = =8
r = —8/3

2. Let f be the function f(z) = axz® — /2 for some positive real number a.
If f(f(v/2)) = =2 what is a?

Solution:

f(V2) = 2a—V2
f(F(V2) = a(2a—V2)? -2
a(2a— V22 —v2 = -2
a(2a —V2)? = 0
(20 —V2)2 = 0
2a = V2
a = 1/V2

Question 2
[2+2 points| Logarithms

1. Let = 2°%3 and y = 3°® 2. Find = — v.
Solution: Note that



log,z = log,2'&3

= log, 3log, 2 and
log,y = log, 3loes 2

= log, 2log, 3

So log, x = log, y and therefore v = y and thus z —y = 0.
logya _ 19 b k
2. If % = 55 and ? = ¢*, compute k.

Solution: Let us change the logarithm base to ¢ in the numerator. Note that log, a =

log.a
Tog b So

logya log.a
log,a  log,alog,b
1
log,.b
19

99

So we have

99
log b = -2
O6c 19

99
= Cc19

80
= (C19

ol S~

Thus k£ = %.

Question 3

[4 points| Sequences and Series

The first four terms of an arithmetic sequence (in order) are z + y,z — y, xy and x/y. What is
the value of the fifth term?

Solution: Since this is an arithmetic sequence, every pair of adjacent terms must have the
same common difference. The first pair has the common difference —2y. We also have

ry—(r—y) = 2
y—r = —3y
T

xr = m



Finally

rfy—wy = 2y
r—ayt = —2y°
_ =
r = 7
So we have
-3y =27
y—1 1—92

Note that y = 0 is not possible (z/y must be defined) and y = 1 is not possible (the first two
terms would be unequal but the last two terms would be equal). So we can cancel y from the
numerators and 1 — y from the denominators.

So we have
=3y 2
F 12
-3 =
o1 T
-3 =2
1 14y
343y = -2
5y = —3
y = —3/5
r = —7
y—1
_9/5
= T/F)
9
-8

So the fifth term is z/y — 2y = 15/8 4+ 6/5 = 3.075.

Question 4

[4 points| Sequences and Series

Find a formula, in terms of n, for the sum of the first n terms of the sequence

1,142, 142422 142422423 .



Solution: Let us find a formula for the i** term t;, i = 1,2, .... From inspection,

7=0
201
21
= 201

Therefore the sum we have to compute is

= > 2->"1
=1 =1

2020 1)

To2-1

= 2"t _pn -2

Question 5

[4 points| Functions, Induction

Let f: R = R, f(z) = 7% Define f*(z) = f(f(x)), f*(z) = f(f(f(x))) and so on. Guess the
form for f"(z) and prove your answer correct using induction on n.

Solution: We can check that

f(f(@) =

1-—2x

We can continue and check that f(f(f(x))) = —%- and so on and can conjecture that f™(z) =

1-3z
——. Let us prove this using induction on n.
—nx

Base Case: For n = 1 the definition of f(z) satisfies the hypothesis.




Inductive Step: Suppose the statement is true for n = k so that f*(z) =
that the statement holds for n =k + 1, i.e., ff!(z) = —

Thus the conjecture is true.

f (@)

T
(k+1)x"

f*(x)
1— f*(x)
l—xkac

T
1— 1—kx

T
1—kx
1—-(k+1D)x
1—kx

X

TGt De

T

1—kx

. We need to prove



